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Abstract

We consider a model of affective decision making in the state preference

model of uncertainty, where we prove that affective choice is testable in

insurance markets and complete financial markets. Moreover we extend

these results to equilibrium models of mutual insurance and an interesting

class of Knightian uncertainty models. These results imply the existence

of axioms on observed choice behavior that characterize affective choice

in these markets.
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1 Introduction

Assessment of probabilities is the driving force in decision making under condi-
tions of risk and uncertainty. Modern axiomatization of risky choice assume that
the probability distribution the agent holds is unique and fixed, albeit objective
or subjective (von Neumann and Morgenstern (1944), Savage (1954)). But it
has been shown in the psychology literature that agent’s subjective probabilities
are neither fixed nor unique and are subject to heuristics and biases (Tversky
and Kahneman (1974)). In fact, psychologists refer to subjective probabilities as
probability judgments. This is in accordance with Knight (1921) who suggests
that an economic agent’s choice is better described as made under conditions of
uncertainty. That is, the agent does not have a single (subjective) probability
distribution in mind, but rather a set of possible probability distributions.

Bewley (1986) suggested a formulation of decision making where agents have
a set of probability distributions, his model is termed Knightian uncertainty;
Bracha (2004) formulated affective decision making (ADM) in insurance mar-
kets, where an agent’s choice is a pure strategy Nash equilibrium of an intrap-
ersonal game between the agent’s ”rational” and ”intuitive” self. The rational
self chooses the optimal level of insurance given a perceived probability distri-
bution, and the intuitive self chooses perceived probability distribution given
insurance level. Choice of the affective agent is a pair of insurance level and
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perceived probability distribution that constitute a Nash equilibrium in the in-
trapersonal game, and generally there are multiple equilibria. Thus, in both
models the agent has a set of possible (perceived) probabilities; However, in
Bewley the agent chooses to move away from the agent’s status-quo if and only
if the expected utility of the new bundle under all possible probability distribu-
tion exceeds the expected utility of the status-quo; while in Bracha the perceived
probability distribution and action (insurance) mutually determine choice. Note
that the freedom of distinguishing between objective and perceived probabili-
ties in Bracha allows ADM to support all data sets that can be rationalized by
expected utility theory as well as data sets which can not (see figure Fig. 3 in
the text).

It is conceivable that both Bewley’s Knightian uncertainty and Bracha’s
ADM model are not refutable. That is, every finite set of observations on
agents’ choices in insurance markets can be ”rationalized” by both models. Is
this true? Simply put, are these models testable? This is the question addressed
in this paper.

We show that the ADM model is testable under both conditions of ”com-
plete” information, where risk perception is observable, and conditions of ”in-
complete” information where risk perception is unobservable. In order to show
testability of the ADM model for the complete information case we use Afriat’s
inequalities to characterize affective choice and provide an example which is
not consistent with this system of inequalities. For the case of incomplete in-
formation, we formulate affective choice in the state preference model and use
the notion of random utility functions as presented in Brown and Calsamiglia
(2004) to show that the model is refutable. This proves that affective decision
making is a meaningful theory in the sense that it is testable, even if perceived
probabilities are unobservable. It also implies the testability of a class of the
Knightian uncertainty models. To see this note that in Bewley’s knightian un-
certainty model the agent holds a set of possible probabilities. Consequently, if
we define a class of Knightian uncertainty models where the set of probability
distributions is the convex hull of the perceived probabilities, supported by af-
fective choice, then it follows from our previous results that this class of models
is also testable.

As mentioned above, in order to show testability for the case of complete in-
formation, we characterize affective choice by a system of Afriat’s inequalities.
Note, that this system of inequalities holds and characterizes affective choice
also for the case of unobserved perceived probabilities. By invoking the Tarski-
Seidenberg theorem ( in Caviness and Johnson (eds.) (1998)) on this system
of Afriat’s inequalities, together with the testability result, we prove existence
of an implicit axiomatization of affective choice. More specifically, according to
the Tarski-Seidenberg theorem one can reduce the Afriat’s inequalities, which is
a finite set of polynomial inequalities, to an equivalent set of inequalities on the
parameters using quantifier elimination. Thus, testability of our model implies
that equilibrium is characterized by a set of inequalities on the observables,
i.e., there exists an implicit axiomatization of ADM. For the case of complete
information, this axiomatization includes conditions on insurance choice, risk
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perception and prices; for the case of incomplete information, such axiomatiza-
tion involves conditions on insurance choices and prices only. This is a surprising
result since it states that even if perceived probabilities are not observables, one
can still find a set of axioms only on insurance choices and premium that are
generating the ADM model .

Afriat’s inequalities, although still true for the case of incomplete informa-
tion, are not enough to prove testability. For this case we established an isomor-
phism between the affective choice model and the state preference model. This,
in turn, implies the existence and testability of investment decision models with
affective agents in complete financial markets. Moreover, the state preference
model enables us to prove existence and testability of an exchange economy of
mutual insurance with affective agents. In equilibrium, agents can (and gen-
erally will) hold different perceived probabilities, which translate into different
perceived price ratios. The prices one observes in equilibrium are the same for
all agents, but not their perceptions.

A natural question arises: is this mutual insurance result Pareto optimal?
For the standard economic model we have Arrow’s (1971) result which guaran-
tees that the mutual insurance general equilibrium is indeed Pareto optimal and
there is optimal risk sharing. However, with affective agent this is not clear,
since perceived price ratios are not the same across agents and each agent has
two inner selves. Consequently, in order to discuss Pareto optimality, we define
a strong preference relation, where an insurance level x is said to be strongly
preferred to y if it is preferred by the rational self under both the equilibrium
risk perceptions at insurance level x and y. Given this definition, we show that
the equilibrium observed is ”Nash” Pareto optimal; that is, there is no other
feasible allocation which all agents strongly prefer. In other words, there is an
efficient perceived risk allocation. Thus, we state a welfare theorem analogous
to Arrow’s for perceived rather than objective risk, and we label it the first Nash
welfare theorem; one should emphasize once more: with affective agents such
allocations need not, and generally will not, be the point of optimal objective
risk sharing. Following the first Nash welfare theorem, we show that any Nash
Pareto optimal allocation can be supported by a general equilibrium with affec-
tive agents and zero sum transfers. We label this result the second Nash welfare
theorem.

The remainder of this paper is organized as follows: section 2 lays out af-
fective decision making; section 3 proves testability of ADM under conditions
of complete information, i.e., perceived probabilities are observable, and con-
ditions of incomplete information, i.e., perceived probabilities are not observ-
able. This section also formulates ADM in the state-preference model. Section
4 presents the equivalence between insurance markets and complete financial
markets; section 5 analyzes and proves the existence of an equilibrium in an
exchange economy with affective agents, and shows that this model is testable.
All proofs of theorems in the text appear in the Appendix.
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2 Affective Decision Making in Insurance Mar-

kets

Consider an agent with a strictly concave utility function of wealth u (·) who is
facing two possible future states of the world s1, s2, with an associated income
level of w1, w2, respectively. Without loss of generality, assume w1 < w2 and
denote the income shock as z ≡ w2−w1. The agent can insure against the future
income shock, z, by purchasing insurance I ∈ (−∞,+∞) at a fixed premium
rate γ > 0 (linear pricing); note that selling insurance at price γ is permitted,
as well.

In accordance with the notion of subjective probability (Savage (1954)) and
the psychology literature on choice under uncertainty (e.g., Gilovich, Griffin and
Kahneman (eds.) (2002) , Slovic (2000)), the agent is assumed not to know the
objective probability of future events. Rather, she forms perceived probability,
and in this process she uses the anchoring and adjustment heuristic and is
optimistically biased.

Bracha (2004) proposed a new formulation of perceived probability formation
in expected utility theory by introducing two systems of information processing
(see Kahneman (2003); Epstein (1994)). The idea is that the agent has two pro-
cesses: a deliberate, conscious, effortful, reason-based process labeled the ratio-
nal account, and more intuitive, partly subconscious, effortless and emotionally
based process labeled the mental account. Using this distinction, Bracha models
the rational account as choosing insurance for a given perceived probability dis-
tribution, and the mental account as choosing perceived probability distribution
(perception) for a given insurance level. An affective agent’s choice is then mod-
eled as a Nash equilibrium in pure strategies of the intrapersonal game between
the two accounts, and it is a vector of insurance and perceived probabilities.
More specifically, the rational account solves the following equation:

max
I

βu (w1 + (1− γ) I) + (1− β)u (w2 − γI) (1)

where β is the perceived probability that future state s1 will occur, and it is
taken as given; u (·) is the utility function of wealth, and γ is the premium rate.
On the other hand, the mental account has the following objective function:

max
β

βu (w1 + (1− γ) I) + (1− β)u (w2 − γI)− f (β, β0) (2)

where I is the insurance level, and is taken as given; f (·) is the mental cost
function of choosing perceived risk β and it is indexed by β0 (which can be
thought of as the agent’s probability reference point); u (·) is the utility func-
tion of wealth, and γ is the premium rate. Having two components in the
mental account’s objective function, expected utility term and mental cost, is a
proxy for the anchoring and adjustment heuristic and captures the intuition that

agent’s perceptions are not arbitrary. Assuming that f (·) ≥ 0, ∂
2f(·)
∂β2

≥ 0 and

reaches a minimum at β0 as well as limβ→β f (·) = limβ→β f (·) →∞ for some
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0 < β < β < 1, the above model has multiplicity of (pure strategy) equilibria,
which can be illustrated as follows:

Insurance

β
0

1β0

I*β *

NE

(Fig. 1)

where β∗ is the mental account’s best response to a given insurance level I;
and I∗ is the rational account’s best response to a given perceived probability
β. Assuming no tangencies of the best responses, the general theorem is given
below:

Theorem 1 (Bracha 2004) There exists a pure-strategy Nash equilibrium for
the intrapersonal game. The Nash equilibria set contains an odd number of
equilibria. If these equilibria are ordered with respect to the natural partial order
on R2, then they form a chain.

As is clear from the theorem and the illustration above, generally the in-
trapersonal game has a multiplicity of equilibria; this means that the agent’s
perceived probability changes across equilibria and depends upon the insurance
level chosen. Consequently, one may wonder if the theory has too many degrees
of freedom, or differently put, is the theory testable?

2.1 Risk and Uncertainty

Affective choice, as presented above, represents a bridge between risk and uncer-
tainty. That is, the rational account is a model of risk — the rational account is
choosing as if the perceived probability is the true (albeit personal) risk. How-
ever, the multiplicity of equilibria, i.e., multiple possible perceived risks that the
agent may hold in equilibrium, represents uncertainty. The agent does not know
a priori which perceived probability she should focus on. Thus, constructing the
convex hull of the possible perceived probabilities, generates a set of perceived
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probabilities. This set of perceived probabilities reflects uncertainty as modeled
by Bewley (1986) and inspired by Knight (1921).

Consequently, the question can one test affective decision making has impli-
cations for testing Knightian uncertainty models.

3 An Implicit Axiomatization

3.1 Full Information

In this section we develop conditions that characterize a solution to the ADM
model and thus allow us to test if the observed data conform with the theory.

Suppose we have observations on insurance premia, insurance levels, and per-
ceived probability distributions: (γi, Ii, βi) for i = 1, 2, ...N . To conclude that
the model can not rationalize all data sets, we must find a set of observations
which rejects the model.

Recall that we have two selves; The rational account objective function is

max
I

∑

s∈{1,2}

βsu(ws(I, γ)) (3)

The mental account objective function is

max
β

∑

s∈{1,2}

βsu(ws(I, γ))− f (β, β0) (4)

Theorem 2 Take any two observations (γ1, I1, β1) , (γ2, I2, β2). The following
conditions are equivalent:

(1) There exist locally nonsatiated, continuous, monotonic, concave utility
function u (·) , and locally nonsatiated, continuous, monotonic, convex cost func-
tion f (·) that rationalizes the data;

(2) There exist numbers
(
us ((Ii, γi)) , f (βi) ≥ 0, ∂u(ws(Ii,γi))

∂w
≥ 0, ∂f(βi)

∂β

)

for i = 1, 2 that satisfy the Afriat’s inequalities ∀i, j ∈ 1, 2; ∀r, s ∈ {1, 2}:

u (ws(Ii, γi)) ≤ u
(
wr(Ij , γj)

)
+
∂u
(
wr(Ij , γj)

)

∂w

[
ws (Ii, γi)−wr

(
Ij , γj

)]

(a)

∑

s∈{1,2}

βis
∂u(ws(Ii, γi))

∂w

∂ws(Ii, γi)

∂I
= 0 (b)

∑

s∈{1,2}

βisu(ws(Ij , γj))− f (βi) ≤
∑

s∈{1,2}

βjsu(ws(Ij , γj))− f
(
βj
)

(c)

+

([
u
(
w1(Ij , γj)

)
− u

(
w2(Ij , γj)

)]
−
∂f (βi)

∂β

)[
βj − βi

]
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[u (w1(Ii, γi))− u (w2(Ii, γi))]−
∂f (βi)

∂β
= 0 (d)

Definition 3 a model is said to be testable if there exists a data set which is
rationalized by it, as well as a data set which refutes the model.

Theorem 4 The model is testable

Note that by the Tarski-Seidenberg theorem, using quantifier elimination,
one can reduce the Afriat’s inequalities, which is a finite set of polynomial in-
equalities, to an equivalent set of inequalities on the parameters. Thus, testabil-
ity of our model implies that equilibrium is characterized by a set of inequalities
on the observables, i.e., there exists an implicit axiomatization of ADM.

However, since risk perception is unobservable and difficult to elicit, this
implicit axiomatization is not useful in practice. Fortunately, in the following
sections we show that the model is testable even when perceived probabilities
are not observable. This also implies that a certain class of the Knightian mod-
els, as modeled by Bewley, are testable. In order to prove this (somewhat)
counter intuitive result, we first formulate affective choice in the state prefer-
ence framework. Note that the set of Afriat’s inequalities must hold, even if
perceived probabilities are not observable. Thus, proving that the model with
unobservable perceived probabilities is testable means that there is an implicit
axiomatization in this case as well.

3.2 Affective Choice and State-Preference Model

Note that the rational account choice can be formulated in the state-preference
model, shown below:

max
c1,c2∈R2

β1u(c1) + (1− β1)u(c2) (5)

s.t. p1c1 + p2c2 = y (6)

where cs � ws + ksI, ks �

{
(1− γ) for s = 1
−γ for s = 2

y � p1c1 + p2c2

where c1, c2 are the agent’s endowment at state s1, s2, respectively. Note
that y � p1c1 + p2c2 implies that

p
1

p2
= γ

(1−γ) ; thus we will set, without loss of

generality, p1 = γ, p2 = (1− γ) . Since income level and insurance premium are
given, choosing consumption levels c1, c2 is equivalent to selecting an insurance
level I.
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The first order conditions of the state preference model are:

β1
∂u(c1)

∂c
= λγ (7)

(1− β1)
∂u(c2)

∂c
= λ (1− γ) (8)

This can be written as

u
′

(c2)

u
′ (c1)

=
(1− γ)

γ

β1
(1− β1)

(9)

Thus, every solution of the intrapersonal game can be translated into a point
on the (c1, c2) plane; this point is observable and the slope of the budget line

is the ratio (1−γ)
γ

. However, the agent’s marginal rate of substitution equals,

what we call the perceived price ratio, (1−γ)
γ

β
1

(1−β
1
) , which is determined by the

perceived probabilities; these perceived probabilities must satisfy the first order
condition of the mental account:

u (c1)− u (c2) = f ′ (β1) (10)

Thus, Figure Fig. 2 below is an illustration of a possible choice:

C2

C1

Slope =
( )

γ
γ−1

Consumption 
Choice

E

w2

w1

Perceived price ratio is 
( )

( )β
β

γ
γ

−
−

1

1

(Fig. 2)

Definition 5 An affective choice is a consumption vector (c1, c2) , and price
0 < γ < 1, such that the agent is maximizing utility subject to her budget
constraint and is satisfying her mental account’s first order condition.
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As argued, the distinction between objective and perceived probabilities can
allow ADM to support data sets which can not be rationalized by expected
utility theory. This is shown in an example below:

C2

C1

Slope = 

Consumption  
Choice 1

Consumption 
Choice 2

Slope = 

E

( )
i

i

γ
γ−1

( )
j

j

γ
γ−1

Perceived 
price ratio

(Fig. 3)

An interesting question is how to define the agent’s preference relation over
all possible choices. This is not clear, as in the standard economic model, since
the agent’s choice involves both her rational and her metal account. We propose
the following preference relation:

Definition 6 Let A =(IA, βA) and B=(IB, βB) be two possible affective choices
for an agent i. A is strongly preferred to B, A ≻i B if the rational account
prefers the insurance level IA to IB under both beliefs βA and βB.

An immediate conclusion is that for a given insurance premium γ, the agent’s
choice is not dominated by any other choice in the feasible choice set, i.e., the
set of Nash equilibria of the intrapersonal game.

3.3 Unobservable Perceived Probabilities

In the case of unobservable perceived probabilities, the reader might be skeptical
regarding the testability property of the ADM model. After all, if probabilities
are allowed to vary, then one could always rationalize the observed insurance
level. However, this is not true — the model is in fact testable!
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Recall our assumption that perceived probabilities are bounded between
β < β < β such that 0 < β < β < 1. Let (γi, Ii) for i = 1, ..., T be a finite
number of observation of insurance premium and level, respectively. Using the
relationship between affective choice and the state preference model, we have
the following theorem:

Theorem 7 The model is testable.

The proof uses the fact that the marginal utility and the perceived prob-
abilities are multiplicatively separable. Similar to the case of random utility
functions, analyzed by Brown and Calsamiglia (2004) , this allows one to disen-
tangle the marginal utility of a Bernoulli agent from the unobservable compo-
nent; in particular, this enables us to present the observed choice as a choice
of a Bernoulli agent with perceived price ratio, as illustrated in the previous
section. Having established the observed data as a choice of a Bernoulli agent,
one can use revealed preference arguments to refute the model. The only diffi-
culty is that the perceived price ratio is now unobservable. Fortunately, if the
perceived probabilities are bounded (as we assume and is supported by experi-
ments), then perceived price ratio is bounded as well, and the logic of revealed
preference again leads to refuting the model1.

As discussed in Section 3, testability implies in our framework that there
exist a system of inequalities on only the parameters, i.e., observed insurance
choices and prices which characterizes equilibrium (choice). In other words, this
proves the existence of an implicit axiomatization for ADM involving insurance
choices and prices only.

Note the similarity to Bewley (1986) knightian uncertainty model; there, the
agent has a set of possible probabilities and she will choose a new consumption
point over her status-quo if and only if the new point is preferred under all prob-
ability distributions in the set. Consequently, if we define a class of Knightian
uncertainty models where the set of probability distribution is the convex hull
of the perceived probabilities, supported by affective choice, then this class of
Knightian uncertainty models, labeled affective Knightian uncertainty, is also
testable.

4 Affective Investment Decision

The relationship between affective decision making and state preference model
can be used once again to show the existence and testability of affective invest-
ment decisions. For this, note that the insurance decision of section 3.2 can be
re-written as a portfolio decision.

Definition 8 Let w �

(
w1 = w2 − z

w2

)
, Ik �

(
(1− γ)
−γ

)
I be the two avail-

able assets, where γ is the insurance premium and I is some insurance level.

1Brown and Calsamiglia (2004) show that if probabilities are not bounded in their model,
then it is not refutable.

9



These two assets can be represented, as follows:

c2

c1

(w2, w1)≡w

K(-γ, 1- γ)

The parametric form 
of the straight line is 

y=w+IK

(Fig. 4)

As is clear from the graph, the problem of choosing optimal consumption (c1, c2)
is equivalent to solving for optimal portfolio (α, 1− α) of investing in assets
(w, Ik) , respectively. The rational account, taking β as given, solves the follow-
ing investment optimization problem:

max
−∞<I<∞

max
α

βu (αw1 + (1− α) Ik1) + (1− β)u (αw2 + (1− α) Ik2) (11)

s.t. αw + (1− α) Ik = y (12)

where w + Ik � y the parametric form of the line

Note that this investment model allows for short selling, and it is the case where
−∞ < I < 0.

The mental account takes the rational account decision α as given and solves:

max
β

βu (αw1 + (1− α) Ik1) + (1− β)u (αw2 + (1− α) Ik2)− f (β, β0) (13)

Thus, the reader can easily see that the affective consumption choice c1, c2 in
the state preference model and the investment choice of α and I are isomorphic.
Consequently, a theorem is true for the ADM model in insurance markets if
and only if it is true (suitably interpreted) for the ADM model in investment
markets. Therefore, the following is true:

Theorem 9 Affective Investment Decision is testable.

The proof is omitted.
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5 Mutual Insurance with Affective Agents

The relationship established in the previous section between affective choice and
state-preference model, can be used to establish existence of mutual insurance
in a general equilibrium model with affective agents.

Consider two affective agents, i, j, each with a strictly concave utility func-
tion of wealth u (·) who are facing two possible future states of the world
s1, s2, with an associated income level of wk1 , w

k
2 , respectively where k ∈ {i, j}.

Without loss of generality, assume wk1 < wk2 and denote the income shock as
zk ≡ wk2 − wk1 . Each agent can insure against the future income shock, zk, by
purchasing or selling mutual insurance Ik ∈ (−∞,+∞) at some premium rate
γ > 0. Since the agents are affective agents, their choice is a pure-strategy
Nash equilibrium of each agent’s intrapersonal game, and it is a vector of in-
surance level and perceived probability. The intrapersonal game and its Nash
equilibrium are as discussed in section 2 above.

As section 3.2 shows, the affective choice can be represented in a state-
preference model. More specifically, agent i solves the following:

max
c1,c2

βiu(c1) + (1− βi)u(c2) (14)

s.t. γc1 + (1− γ) c2 = y (15)

where the vector (c1, c2) is the consumption of agent i in state (s1, s2), respec-
tively; βi is the probability of state s1 to occur, as perceived by agent i in
equilibrium. Since perceived probability βi is optimal in equilibrium, it must
satisfy the first order condition of the mental account (see section 2), as pre-
sented below:

u (c1)− u (c2) = f ′ (βi) (16)

where f (·) is agent i′s mental cost of holding beliefs β. The following is an
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illustration of individual i′s choice:

C2

C1

Slope =
( )

γ
γ−1

Consumption 
Choice

E

w2

w1

Perceived price ratio is 
( )

( )β
β

γ
γ

−
−

1

1

(Fig. 5)

Similarly, agent j solves:

max
d1,d2

βju(d1) +
(
1− βj

)
u(d2) (17)

s.t. γd1 + (1− γ) d2 = I (18)

where the vector (d1, d2) is the consumption of agent j in state (s1, s2), respec-
tively; βj is the probability of state s1 to occur, as perceived by agent j in
equilibrium. The perceived probability βj must satisfy:

u (d1)− u (d2) = g′
(
βj
)

(19)

where g (·) is agent j′s mental cost of holding beliefs β. The following is an
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illustration of individual j′s choice:

D2

D1

Slope =
( )

γ
γ−1

Consumption 
Choice

E

w2
j

w1
j

Perceived price ratio is 
( )

( )j

j

β
β

γ
γ

−
−

1

1

(Fig. 6)

Definition 10 A general equilibrium is a consumption vector (c1, c2, d1, d2) and
price 0 < γ < 1, such that each agent is maximizing utility subject to her budget
constraint, satisfying her mental account’s first order condition and all markets
clear.

The interpretation of this general equilibrium is of mutual insurance between
affective agents. Since perceived probabilities are allowed to vary and are part
of the solution, it is not clear a priori that a solution exists given that demand
correspondence are not convex-valued. Fortunately, the following assure us that
one can construct an example of existence, hence the model is consistent.

Theorem 11 There is an example where mutual insurance equilibrium with
affective agents exists.
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The following figure is an example of such an equilibrium:

Slope =
( )

γ
γ−1

Equilibrium

E

w2
1

w1
1

w1
1+ w1

2

w2
1+ w2

2Agent 1

Agent 2

(Fig. 7)

As in the previous section, the agents’ perceived probabilities vary since they
are making affective choices. This raises the question if a mutual insurance
equilibrium with affective agents can ever be refuted. Is everything possible?
The answer is no, and it is summarized in the following Theorem.

Theorem 12 Mutual insurance with affective agents is testable.

To prove Theorem 12, one only needs to show that there exist an example
where the model is refuted. Using the fact that affective decision making imposes
bounds on perceived price ratios, the example in Brown and Matzkin (1996) can
be modified to provide the necessary example.

An important question to ask is if the mutual insurance result is Pareto
Optimal. For the standard economic model, we have the first welfare theorem
which guarantees that the mutual insurance general equilibrium is Pareto op-
timal. However, with affective agent this is not obvious. In order to discuss
Pareto optimality, we shall use the preference relation defined in Section 2 as
well as an additional one below.

Definition 13 An allocation is said to be ”Nash Pareto optimal” if there is no
other allocation which is strongly preferred to it by both agents and is feasible.2

2Note that if the rational account prefers x ≻ y under both equilibrium perceptions βx, βy,
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There are two important points to notice; First, an allocation is feasible in
our case if it is both feasible in the standard sense and if it is a Nash equilibrium
in each of the agents’ intrapersonal games. Second, as the strong preference
relation collapses to the familiar preference relation for the classic economic
model, so does the definition of Nash Pareto optimality.

Using the definition of strong preference relation and Nash Pareto optimality,
the following is true:

Theorem 14 The mutual insurance general equilibrium with affective agents is
Nash Pareto optimal.

The implications of this theorem is that the general equilibrium of mutual
insurance is Pareto optimal as perceived by the affective agents. That is, there is
an efficient perceived risk allocation in the sense that there is no other allocation
which is feasible and both affective agents would like to move to. Thus, we label
it the first Nash welfare theorem. Arrow (1971) pointed out that, under certain
hypotheses, the allocation of risk bearing is optimal under competitive securities
markets. Theorem 14 above indicates that in the case of affective agents, Arrow’s
result still hold for perceived risk; this allocation need not, and generally will
not, be the point of optimal objective risk sharing. Hence, Arrow’s result holds
for uncertainty as well as risk.

This is not all; in addition we prove a second Nash welfare theorem:

Theorem 15 For any Nash optimal allocation, one can find an equilibrium
with zero-sum transfers that supports it.

We omit the proof since it is similar to the proof of the standard second
welfare theorem in exchange economies. However, the idea is that if we fix
the perceived probabilities at the Nash optimal allocation, then we are back to
the standard model. Thus, the better than sets are convex and there exists a
separating hyperplane. Now we need to construct an endowment point such that
the separating hyperplane is the budget line connecting this new endowment
point and the equilibrium we consider. This can be achieved with zero sum
transfers.

then the mental account is better off at (x, βx) . To see that note that x ≻ y implies∑
s βsyu(xs) >

∑
s βsyu(ys). Thus,

∑
s βsyu(xs)−f

(
βy
)
>
∑
s βsyu(ys). −f

(
βy
)
. However

we know that
∑
s
βsxu(xs)− f (βx) ≥

∑
s
βsyu(xs)− f

(
βy
)
by definition.
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6 Appendix

Proof of Theorem 2. By Varian (1983) and Chiappori-Rochet (1987) , if
there exists a nonsatiated differentiable, monotone, concave function that ra-
tionalized the data, then the data satisfies Afriat’s inequalities3 the concavity
conditions — condition 1 — (due to Taylor’s expansion Theorem), and the first
order condition — condition 2. In addition, if we have a data set that satisfies
the concavity and the first order conditions, then we can find a nonsatiated,
differentiable, monotone, concave function that rationalizes the data. The dif-
ferentiability assumption can be weakened for continuity; since we assumed a
continuous concave function, it has subgradient at every point and thus con-
dition 2 is satisfied. Consequently, if we have a data generated by the ADM
model, then it must satisfy conditions (a)-(d) simultaneously. Moreover, if we
have a data set satisfying conditions (a)-(d) simultaneously, one can find a non-
satiated, continuous, monotone,concave utility function u (·) and nonsatiated,
continuous, monotone, convex cost function f (·) that rationalize the data.

Proof of Theorem 4. Existence:
Theorem 1 assures that for a given insurance premium γi and income levels

(w1, w2) there exist a solution (Ii, βi) .
Refutable:
One need to show that some observations (γi, Ii, βi) can not be rational-

ized by the model. Consider the following two observations (γ1, I1, β1) =
(0.5, 80, 0.2) ; (γ2, I2, β2) = (0.4, 110, 0.1) and suppose that (w1, w2) = (0, 100) .
Equation (d) of Afriat’s inequalities is in this case:

[u (0.5 ∗ 80)− u (100− 0.5 ∗ 80)] [0.1− 0.2] ≤ f (0.1)− f (0.2) (20)

[u (0.6 ∗ 110)− u (100− 0.4 ∗ 110)] [0.2− 0.1] ≤ f (0.2)− f (0.1) (21)

[u (0.5 ∗ 80)− u (100− 0.5 ∗ 80)] [0.1− 0.2] ≤ [u (0.6 ∗ 110)− u (100− 0.4 ∗ 110)] [0.1− 0.2]
(22)

[u (40)− u (60)] [0.1− 0.2] ≤ [u (66)− u (56)] [0.1− 0.2] (23)

negative ≥ positive

which is impossible .
Proof of Theorem 7. The proof has two parts: an example where the

inequalities have a solution, and an example where the inequalities do not have
a solution.

Existence:
Theorem 1 assures that for a given insurance premium γi and income levels

(w1, w2) there exist a solution (Ii, βi) . Given (w1, w2) ,γi and Ii we have a

3See Afriat (1967) . Two new proofs of Afriat’s theorem were recently suggested by Fostel,
Scarf and Todd (2003).
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corresponding consumption levels (c1, c2). With (c1, c2) and the endowment
point, prices are determined and therefore, we establish existence.

Refutable:
One needs to show that some observations (Ii, γi) can not be rationalized by

the model. Take the state preference model to represent the rational account
choice; observing a consumption choice (which is equivalent to observing (Ii, γi))
can be illustrated on a graph:

C2

C1 Slope =

Consumption 
Choice

E

w2

w1

( )
γ

γ−1

(Fig. 8)

observing another choice pair
(
Ij , γj

)
can be illustrated as follows:

C2

C1

Slope = 

Consumption  
Choice 1

Consumption 
Choice 2

E

( )
i

i

γ
γ−1

(Fig. 9)

Since the endowment point E must lie on the budget line, as well as the con-
sumption choice, then with a single observation point one can find the budget
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line. This is illustrated below:

C2

C1

Slope = 

Consumption  
Choice 1

Consumption 
Choice 2

Slope = 

E

( )
i

i

γ
γ−1

( )
j

j

γ
γ−1

(Fig. 10)

This is clearly a case that can not be rationalized by an expected utility max-
imizer agent with constant probabilities, objective or subjective. This can not
be rationalized by our model either. To see this note that our model solves:

p2

p1
=

(1− γ)

γ
=

(1− β1)

β1

u
′

(c2)

u
′ (c1)

(24)

This is similar to the random utility case, taking β1 to be the random element;
Brown and Calsamiglia (2004) show that a random utility model is refutable
if and only if the random error is bounded. We shall use their method for
our purposes. For that, note that the rational account can be represented as a
Bernoulli expected utility maximizer such that

u′(c1) =
λp1

β1
(25)

u′(c2) =
λp2

(1− β1)
(26)

u′(c2)

u′(c1)
=

λp2β1
(1− β1)λp1

(27)

=
β1

(1− β1)

p2

p1
(28)

=
β1

(1− β1)

(1− γ)

γ
(29)

Thus, the random effect can be ”transferred” to the price line, allowing one to
illustrated the previous choice as a choice of a Bernoulli agent, as shown in the
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text and in the following figure:

C2

C1

Slope = 

Consumption  
Choice 1

Consumption 
Choice 2

Slope = 

( )
( )

i

i

i

i

γ
γ

β
β −
−

1

1

( )
( )

j

j

j

j

γ
γ

β
β −
−

1

1

(Fig. 11)

As mentioned, the marginal utilities of the Bernoulli agent is independent of
perceived probabilities; instead, the perceived probabilities are embodied in the
(perceived) prices the agent is facing. Thus, we need to show that for any set
of perceived prices the model support, we still contradict the Weak Axiom of
Revealed Preference (WARP). See the example illustrated in the Figure below:

C2

C1

Slope = 

Slope = ( ) j

j

j

j

p

p

1

2

1 β
β
−

( ) i

i

i

i

p

p

1

2

1 β
β
−

(Fig. 12)

As mentioned, the model imposes boundaries on the perceived probabilities
which, in turn, bounds the perceived prices and therefore the model can be
refuted. Note that only the upper bound on perceived probabilities for choice
j, and the lower bound on the perceived probabilities for choice i are binding.

Proof of Theorem 11. Consider the case of two agents. Each agent
solves the state preference choice problem, as shown above. Thus, each agent
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solves:

u′i(c2)

u′i(c1)
=

βi
(1− βi)

(1− γ)

γ
(30)

u′j(d2)

u′j(d1)
=

βj(
1− βj

) (1− γ)

γ
(31)

Both agents face the same prices and each agent’s consumption bundle must be
feasible, i.e.,

γc1 + (1− γ) c2 = yi (32)

γd1 + (1− γ) d2 = yj (33)

Each agent’s perceived probabilities must satisfy the mental account restriction:

u (c1)− u (c2) = f ′ (βi) (34)

u (d1)− u (d2) = g′
(
βj
)

(35)

And market clears

c+ d = c+ d (36)

where c, d are the endowment vectors.
Choose any utility functions ui (·) , uj (·) , cost function f (·) , g (·) and yi, yj , γ.

Compute Nash equilibrium for each agent and label it (c∗1, c
∗
2, β

∗
i ) ,
(
d∗1, d

∗
2, β

∗
j

)
.

These equilibria satisfies γc∗1 +(1− γ) c∗2 = yi, γd
∗
1 +(1− γ) d∗2 = yj . Construct

an Edgeworth box of dimensions c∗1+d∗1 = E, c∗2+d∗2 = F. Now choose c, d such
that γc̄1 + (1− γ) c̄2 = yi, γd̄1 + (1− γ) d̄2 = yj and c̄1 + d̄1 = E, c̄2 + d̄2 = F.

This is

c̄1 = c∗1 − ε

d̄1 = d∗1 + ε

c̄1 = c∗1 − η

d̄1 = d∗1 + η

Proof of Theorem 12. As Theorem 11 shows one can find an example
where a mutual insurance equilibrium with affective agents exists. Thus, to
complete the proof, one need to show that the model is refutable. We use the
example in Brown and Matzkin (1996). Choose a utility function u (·) , and
cost functions g (·) , f (·) . Construct two exchange economies, their endowments
and equilibrium price ratios. Solve for Nash equilibrium in each economy and
construct Edgeworth boxes. Any allocation on the budget line in the Edgeworth
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box is a possible allocation in this economy, as shown below.

A

B C

D

E F

G

Equilibrium 
Point in 
Economy I.

Price ratio is 

Equilibrium 
Point in 
Economy II

Price ratio is
e1

e2

( )
II

II

γ
γ−1

( )
I

I

γ
γ−1

C1

C2

(Fig. 13)

The first agent lives at the A vertex in both boxes and the second at vertex C
in box (I) and F in box (II). The points e1, e2 are the equilibrium point between
the two agents; e1, e2 together with prices define the budget line.

The claim is that with such two observations, one can refute the model.
To see that, note that the two budget lines intersect outside the box, which
contradicts WARP for agent A. By Afriat’s theorem, there is no solution to the
inequalities that define solution in this economy. However, this is an example for
refuting a pure exchange economy with non affective agents. Having affective
agents, one can claim that the individual’s perceived prices are different than
(1−γ)
γ

. However, recall that affective choice imposes bounds on the perceived
probabilities, and thus price ratios, that the agents can hold. Thus, there is a
bounded price range for agent A in each of the two Edgeworth boxes. If for
all such perceived price ratios, the budget lines intersect outside the boxes, we
have an example where the model is refutable. Such an example is illustrated
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below:

A

B C

D

E F

G

Equilibrium 
Point in 
Economy I

Equilibrium 
Point in 
Economy II

All the possible prices which 
the model support are such 
that the first agent violates
WARP

e1

e2

(Fig. 14)

Proof of Theorem 15. The proof is by contradiction. Suppose there
exists another allocation E which Nash-Pareto dominates the affective mutual
insurance general equilibrium M , i.e., E ≻ M. Consider agent i = 1; E ≻

1

M , means that fixing beliefs and insurance premium at M to be β1 and γ,

respectively, she prefers E to M. Since all possible affective choices, given γ,

are on the budget line, E must lie in the better than set, as illustrated in the
graph below. Clearly, this must be true also for agent 2, which implies that
such allocation E is not feasible in this exchange economy — contradiction. The
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following is an illustration of our argument:

A

B C

D

E

Equilibrium.

Price ratio is:       

At this point we have

( )
γ

γ−1

C1

C2

( ) ( )
( )

( )
γ

γ
β

β −=− 11

1
'

2
'

1

1

cu

cu

Better than set.

An allocation preferred 
by the rational account 
of agent 1 must be in 
this set

Better than set.

An allocation 
preferred by the 
rational account 
of agent 2 must 
be in this set

(Fig. 15)
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