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Multifactor Efficiency and Bayesian Inference 
 
 
 

Abstract 
 

This paper reinvestigates the performance of risk-based multifactor models. In particular, we 

generalize the Bayesian methodology of Shanken (1987b) and Kandel, McCulloch and Stambaugh 

(1995) from mean-variance efficiency to the ICAPM notion of multifactor efficiency. This 

methodology uses informative priors and provides a flexible framework to deal with the severe small 

sample problems that arise when estimating performance measures. We also introduce and 

theoretically justify a new inefficiency metric that measures the maximum correlation between the 

market portfolio and any multifactor efficient portfolio, which is used in conjunction with three other 

existing inefficiency measures. Finally, we present new empirical evidence that neither the two 

additional Fama-French (1992) factors nor the momentum factor move the market portfolio robustly 

closer to being multifactor efficient or robustly decrease pricing errors relative to the CAPM. 
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1. Introduction 

 

In the CAPM of Sharpe (1964) and Lintner (1965), investors care about only the mean and 

variance of the return on their portfolio, so the market portfolio is mean-variance efficient and the 

only priced risk factor. However, many papers claim that several patterns in average stock returns are 

not explained by the CAPM (see, e.g., Banz (1981), Basu (1983), and Fama and French (1992)), 

which suggests that factors other than the market portfolio are commanding significant risk premia in 

the economy. It is now commonplace for researchers to regard the Fama-French (1992, 1993, 1996, 

henceforth FF) model as an alternative to the CAPM and to use it in e.g. evaluating mutual fund 

performance or in measuring risk around corporate events. To some, this widespread use of the FF 

model seems premature. In fact, there is little consensus about the appropriate interpretation of the 

results from the FF model and what economic risks, if any, the FF factors capture.1 

In this paper, we reinvestigate the performance of these risk-based multifactor models and 

provide both methodological and empirical contributions to the existing literature. First, we develop a 

new general framework based on a Bayesian statistical approach to assess whether factors are priced 

in an ICAPM setting. Second, we present new empirical evidence that neither the two additional 

Fama-French (1992) factors nor the momentum factor move the market portfolio robustly closer to 

being multifactor efficient or robustly decrease pricing errors relative to the CAPM.  

Our methodology provides a flexible framework to deal with the small sample problems that 

arise when estimating statistics that measure the pricing performance of the various multibeta models. 

We generalize the methodology of Shanken (1987b) and Kandel, McCulloch and Stambaugh (1995, 

henceforth KMS), who examine the CAPM and mean-variance efficiency in a Bayesian framework, 

to the ICAPM notion of multifactor efficiency. As KMS show for the CAPM and we confirm for 

multifactor models, the data samples commonly used are too short to have different priors converge 

to a common posterior opinion. In this context, non-informative priors can have highly undesirable 

properties that may make it hard to distinguish the evidence in the data from the content of the 

imposed priors.2 In addition, instead of only testing ‘exact efficiency’ – i.e. the model restrictions 

hold exactly – informative priors enable us to explicitly deal with the case where models are only 

expected to hold approximately, e.g. due to issues as measurement problems.3 The use of informative 

                                                 
1 See e.g. Daniel and Titman (1997), Berk (2000), Gomes, Kogan and Zhang (2003), Daniel, Titman and Wei 
(2001), Davis, Fama and French (2000). 
2 Hollifield, Koop and Li (2003) give another important example of this in the context of the common VAR-
based approach of decomposing the variance of excess stock returns. 
3 See Shanken (1987b) for the problems of power and size of classical tests with a fixed uncertainty level. Roll 
(1977) is the classic paper about the unobservability of the market portfolio. Related papers are Pástor and 
Stambaugh (2000) and Pástor (2000), which investigate portfolio decisions if the investor a priori expects the 
models to hold only approximately but neither paper directly evaluates the pricing performance of the models, 
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priors that allow for prior model mispricing was also used in e.g. Pástor and Stambaugh (2000) and 

Pástor (2000). 

Using the Bayesian setting, we interpret the evidence in the data using informative priors that are 

formed after careful prior elicitation. We evaluate models by comparing how the data change 

informative prior views of four different inefficiency measures into posterior distributions over a wide 

range of prior views. If the data shift the value of such a measure closer to the value implied by exact 

efficiency this is evidence that the data support the model, or at least the aspect of the model that is 

evaluated by that particular inefficiency measure. Furthermore and most interestingly, prior views on 

the inefficiency measures can be chosen such that these priors imply basically identical priors view on 

the pricing errors across models. We then conduct a horse race by comparing the posterior results of 

these pricing errors across models, where any difference can be attributed to the data. 

We also introduce and theoretically justify a new inefficiency metric that measures the 

maximum correlation between the market portfolio and any multifactor efficient portfolio (i.e., a 

portfolio spanned by a mean-variance efficient portfolio and the state variable mimicking portfolios). 

Intuitively, this correlation compares the market portfolio to the maximally correlated optimal 

portfolio. It measures what part of the market portfolio’s volatility is captured by the risk factors 

included in the model. Thus, it provides a natural way to compare multifactor models that hold only 

approximately and generalizes for multifactor models a similar correlation statistic that measures the 

maximum correlation of the market portfolio and any mean-variance efficient portfolio.4  

As this measure is new, it provides fresh evidence on the performance of multifactor models and 

can alleviate data snooping concerns. In order to further minimize such concerns, we investigate the 

robustness of any pricing improvements by simultaneously posing the following four demands. First, 

additional factors should improve pricing not only for our new measure but for three other 

inefficiency measures as well, namely the Hansen-Jagannathan (1997) distance, the average absolute 

pricing errors or alpha’s and (a transformation of) the Gibbons-Ross-Shanken (1989) measure. 

Second, the results should be robust to the choice of test portfolios. We consider two different sets of 

test portfolios, namely 25 book-to-market/size-sorted portfolios and 30 industry-sorted portfolios. 

Third, we adjust for model size effects by way of our procedure of informative prior elicitation, in 

which the unconditional marginal priors of the inefficiency measures themselves are chosen to be 

basically identical across models. Fourth and finally, the empirical conclusions should be robust to 

large changes in these informative priors. 

                                                                                                                                                       
and Avramov and Chao (2001), who derive a Bayes factor test of exact pricing for conditional multifactor 
models. 
4 See e.g. Kandel and Stambaugh (1987), Shanken (1987a), Gibbons, Ross and Shanken (1989) and KMS. 
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In the empirical application we consider the viability of the FF factors and the momentum factor 

as priced state variables in the ICAPM. We find that the data provide little evidence that either the 

two additional factors in the FF model or the momentum factor are priced risk factors in an ICAPM 

framework. Critically, this result goes beyond reporting pricing errors that are too large for these 

multifactor models to hold exactly. Even assuming that the models only hold approximately, we find 

that none of these additional factors robustly decrease pricing errors if they are added to the CAPM. 

In addition, the pricing performance of the FF model is not at all robust to the choice of test 

portfolios. If we use the BM/size-sorted test portfolios, the FF factors indeed decrease the average 

absolute pricing errors relative to the CAPM as documented by Fama and French (1992, 1993, 1996). 

However, if we use the industry-sorted test portfolios, the FF model implies larger absolute pricing 

errors than the CAPM (see also Ferson and Harvey (1999)). In general, for this alternative set of test 

portfolios the data do not provide any evidence that the two additional FF factors decrease pricing 

errors relative to the CAPM and as measured by any of the four inefficiency statistics. Moreover, we 

find that the data is as much able to change the priors for the industry-sorted test portfolios as for the 

BM/size-sorted test portfolios, indicating that the amount of information in the two sets is very 

similar. 

Finally, we find that the data give clear evidence of the usefulness of the market portfolio for 

pricing, in the sense that using the CAPM will lead to lower posteriori pricing errors than expected a 

priori. This reverses the conclusion of KMS. 

The paper is organized as follows. In section 2 we discuss the asset pricing implications of 

multifactor models and the four inefficiency measures. Section 3 presents the empirical framework 

and the data. In Section 4, we give an illustration of the methodology in the empirical application. 

Section 5 concludes. 

 

2. Multifactor asset pricing and performance evaluation 

 

2.1 The ICAPM 

 

Multifactor models can be theoretically motivated by the intertemporal capital asset pricing 

model (ICAPM) of Merton (1973), in which the state variable mimicking portfolios arise as 

additional factors (see also e.g. Breeden (1979), Campbell (1993, 1996) and Fama (1996)). Merton’s 

ICAPM is a generalization of the CAPM, and multifactor efficiency (ME) generalizes mean variance 

efficiency (MVE). The assumptions imply that ICAPM investors do not only dislike wealth 

uncertainty but also want to hedge more specific uncertainties about future consumption-investment 
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opportunities, for which they use the state variable mimicking portfolios. These hedging demands 

typically lead to optimal (ME) portfolios that are not MVE.  

The investment universe consists of a risk-free asset (with risk-free rate rf), N test portfolios 

(with excess returns over the risk-free rate denoted by the T×N matrix RN), a value-weighted market 

portfolio (with excess returns denoted by the T×1 vector Rp), plus a set of K state variable mimicking 

portfolios (with excess returns over the risk-free rate denoted by the T×K matrix RK).  

A sufficient condition to characterize ME portfolios is that the joint distribution of the returns of 

all portfolios in the investment universe is multivariate normal (see Merton (1973), Long (1974), and 

Fama (1996)). With this distributional assumption, we can write 
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such that µN, µp and µK are the mean excess returns of RN, Rp and RK, respectively, VN is the variance-

covariance matrix of RN, Vp is the variance of Rp, VN,p is the N×1 covariance matrix between RN and 

Rp, VN,K is the N×K covariance matrix between RN and RK, and finally Vp,K is the 1×N covariance 

matrix between Rp and RK. We will denote the mean and variance-covariance matrix of [RN Rp] = 

RN+1 by µN+1 and VK+1, respectively. 

Assuming a risk-free asset exists, the returns on all MVE portfolios are spanned by the returns 

on any MVE portfolio in combination with the risk-free rate (see Black (1972)). Equivalently, the 

returns on any K+1 linearly independent ME portfolios span the returns on all ME portfolios in 

combination with the risk-free asset. Finally, any portfolio of ME portfolios is ME (see e.g. Jobson 

and Korkie (1985), Huberman, Kandel and Stambaugh (1987)). 

These K+1 spanning portfolios can be characterized by K state variable mimicking portfolios RK 

plus any MVE portfolio (see Fama (1996)). In this paper, we consider three popular state variable 

mimicking portfolios. First, we use the two FF factors, namely the ‘SMB’ and ‘HML’ portfolios, 

which capture the difference between small versus large market capitalization firms and between high 

versus low book-to-market firms, respectively. Second, we use the ‘UMD’ (‘Up Minus Down’) 

momentum factor, which captures the difference between high prior and low prior return portfolios. 
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The K+1st portfolio needed for the spanning set of all ME portfolios is the MVE tangency 

portfolio RMVE, a weighted average of all N+K+1 portfolios in RN+1+K (see e.g. Merton (1972)), 

(4)                  ),/( 1
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where the (N+1+K)×1 vector wMVE = VN+1+K
-1 ⋅ µN+1+K / (ιN+1+K’ ⋅ VN+1+K

-1 ⋅ µN+1+K) is the weight of the 

tangency portfolio on the N+1+K portfolios in RN+1+K. Intuitively, ICAPM investors use the MVE 

portfolio for an optimal tradeoff between expected return and non-state-variable-return variance, and 

combine the tangency portfolio with the K state variable mimicking portfolios to hedge uncertainty 

about future consumption-investment opportunities. As a result, each ME portfolio can be written as 

the weighted average of the tangency portfolio and the state variable mimicking portfolios. 

The testable implication of the ICAPM is that the market portfolio is ME, thus an exact linear 

combination of the K+1 spanning portfolios. Consider the regression of the market portfolio on the 

K+1 ME spanning portfolios in RMVE,K =[RMVE RK], 

(5)                                                                       ,,,,, pMEppKMVEpKMVEp RRR εεβ +=+⋅=
 

where the regression residuals εp have variance σp
2. 5 The weighted average of the K+1 ME spanning 

portfolios in RMVE,K using βp,MVE,K as weights is also ME, and denoted by Rp,ME.  

The ICAPM holds if the market portfolio is ME, which implies that regression (5) has a perfect 

fit and the correlation between Rp and Rp,ME, denoted by ρp, equals 100% (see Fama (1996) for the 

ICAPM and Fama (1976) and Roll (1977) for CAPM). Alternatively, if the ICAPM holds and the 

market portfolio is ME, the market portfolio can replace RMVE as a spanning portfolio. Therefore, 

another pricing restriction is that the regression constant equals zero in the regression of the test 

portfolios on the market portfolio and the mimicking portfolios (see Huberman and Kandel (1987)), 

(6)                                   ,,, NKpKpNTNKKppNTN RRRR εβαιεββαι +⋅+⋅=+⋅+⋅+⋅=
 

where ιT denotes a T×1 vector of ones, the regression residuals εN have variance ΣN, Rp,K = [Rp  RK] 

and βp,K = [βp’ βK’]’. We denote the proportion of explained variation of RN in regression (6) by RΣ
2. 

 

2.2 Evaluation of asset pricing model performance: a new inefficiency measure 

 

In this subsection, we introduce a new inefficiency measures that can be used to test the ICAPM 

implication that the market portfolio is ME. We also briefly describe three other, well-known 

                                                 
5 Appendix A gives the relationship between RMVE,K βp,MVE,K and σp

2 in terms of µN+1+K and VN+1+K. 
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inefficiency measures. Each measure provides a different metric of how close the market portfolio is 

to being ME and thus allows a different evaluation of the pricing performance.  

Also, even if the asset pricing model as specified in (6) holds exactly, non-zero pricing errors 

could result from the fact that the mimicking portfolios contain estimation risk. Furthermore, the 

market portfolio Rp may be an imperfect proxy, i.e., the empirical counterpart to the theoretical 

stochastic discount factor is error ridden (see e.g. Roll (1977)). If the asset pricing model is viewed as 

an approximation and does not correctly price all portfolios, we still want to evaluate its performance 

and are interested in how good an approximation it is. As a result, we will discuss the interpretation of 

each inefficiency measure under the alternative where the market portfolio is not exactly ME. 

The new inefficiency measure, ρp, is the maximum correlation between the market portfolio and 

any multifactor efficient portfolio. This measure generalizes for multifactor models the notion of how 

close the market portfolio is to the efficient frontier. The maximum correlation of the market portfolio 

and any mean-variance efficient portfolio is discussed in for example Kandel and Stambaugh (1987), 

Shanken (1987a), Gibbons, Ross and Shanken (1989) and Kandel, McCulloch and Stambaugh (1995) 

and used to test the CAPM or the mean-variance efficiency of the market portfolio. The ICAPM 

implication is that ρp = 100%. 

The next proposition shows how to express ρp in terms of µN+1+K and VN+1+K. 

 

Proposition 1 

Investors choose ME portfolios according to (i) and (ii) as defined above. Given 

portfolio Rp, the maximum correlation ρ between Rp and any ME portfolio is given 

by the correlation between Rp and Rp,ME as defined in (5), where ρp equals  
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Proof 

Consider the regression in (5), where σp
2 is the variance of the residuals εp, which are 

independent of RMVE,K and thus of Rp,ME. The regression coefficients βp,MVE,K in (5) are 

such that they minimize the residual variance σp
2. As (7) shows, minimizing σp

2 implies 

maximizing the correlation between Rp and the weighted average of the K+1 portfolios in 

RMVE,K as defined by βp,MVE,K, which is ME.6 The correlation is maximized over all 

                                                 
6 The portfolio weights βp,MVE,K do not have to sum to one as all returns are in excess of the risk-free rate. 
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possible ME portfolios, because all ME portfolios could be attained by varying βp,MVE,K. 

In turn, this is because all ME portfolios can be uniquely described by a linear 

combination of K+1 spanning ME portfolios.7  

 

Note that the risk characteristics of Rp and Rp,ME in (5) are identical, as they have the same 

expected return and the same loadings on the state variables. As a result, under the alternative that the 

market portfolio is not ME, the maximum correlation ρp can be interpreted as the proportion of the 

volatility of Rp that can be related to its loadings on the risk factors. That is, σp
2 is that part of the total 

variance of the market portfolio V(Rp) = Vp that is not compensation for any of the risk factors. This 

part of the total variance Vp could have been avoided by instead choosing the ME portfolio Rp,ME, 

while keeping the same expected return and the same loadings on the risk factors. Similarly, 100% - 

ρp indicates the percentage of the volatility of Rp due to ‘missing factors’ under the ICAPM 

assumptions. 

A modified version of this correlation measure can also be used to help ranking the performance 

of inefficient portfolios. In a CAPM world portfolios can be ranked by their Sharpe ratio or 

equivalently by their correlation with the tangency portfolio. In particular, in that setting any such 

ranking is independent of investor preferences. Similarly, in a multifactor world, mean-variance 

investors have preferences that do not include hedging demands or the covariance with the state 

variables. Therefore, for such investors all portfolios can still be ranked by ρMVE, but for investors 

with more general preferences that include hedging demands this is not the case.  

The following proposition establishes a multifactor generalization of this well-known result for 

the CAPM. We generalize the investor’s investment opportunity set and assume that it consists of the 

K mimicking portfolios and the risk-free asset (or more generally any set of K ME spanning 

portfolios, one short of a complete spanning set), in addition to some set of inefficient portfolios. If 

investors want to hold one of these inefficient portfolios in addition to the set of K ME portfolios, 

then proposition 2 shows that all investors, regardless of their preferences, would achieve an identical 

ranking of all the inefficient portfolios.  

 

Proposition 2 

Investors choose ME portfolios according to (i) and (ii) as defined above, and. have 

access to the risk-free asset and the following J portfolios Rj: the K mimicking 

portfolios (j = 1 … K), and J-K inefficient portfolios (j = K+1 … J). The maximum 

correlation of each portfolio Rj, ρj, with any ME portfolio is attained with Rj,ME 
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where Rj = Rj,ME + εj = RMVE ⋅ βMVE,j + RK ⋅ βK,j + εj, where the variance of εj equals 

σj
2.  

If investors want to choose one of the M-K inefficient portfolios to combine with the 

K mimicking portfolios, they would assign identical rankings (i.e., regardless of 

investor preferences) to the inefficient portfolios according to the modified 

multifactor correlation measure ρj
*, where  
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( )
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Proof 

See Appendix B.  

 

As an example, consider the case of the performance evaluation of a mutual fund manager who 

commits to a certain ‘style’, which can be defined by the set of state variables that are assumed to be 

of hedging concern (see Sharpe (1992), Brown and Goetzmann (1997), Pástor and Stambaugh 

(2002b)). The mutual fund’s investors will typically have diverse preferences that may lead to greatly 

different loading constraints. Therefore, using proposition 2 a fair way to evaluate the manager is to 

take into account the exposure of the managed portfolio to the priced risk factors according to the 

modified ρ* of the mutual fund. A second application for ρp and the modified ρp
* is optimal portfolio 

decisions in a multifactor world (see e.g. Pástor and Stambaugh (2000) and Pástor (2000)). Instead of 

choosing optimal portfolio weights to maximize the Sharpe ratio, ICAPM investors would choose 

weights to maximize ρp or the modified ρp
*. 

For comparison purposes, we use the following three inefficiency measures as well: 

1. Av(|αN|), the average absolute pricing error of the N test portfolios in RN. 

2. δ, the maximum pricing error, which is the pricing error of the most severely 

mispriced portfolio, with the normalization that portfolios have payoffs with second 

moment equal to unity, as developed by Hansen and Jagannathan (1997) for general 

asset pricing models and by Shanken (1987a) for linear models. 

3. ρMVE, the maximum correlation between any combination of the market portfolio and 

the mimicking portfolios and the tangency portfolio, indicating how close the K+1 

portfolios in Rp,K get you to an MVE portfolio (see Kandel and Stambaugh (1987) 

and Shanken (1987b)). 
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If the ICAPM model under consideration holds exactly, the market portfolio plus the mimicking 

portfolios are a spanning set of all ME portfolios.  As a result, in this case the pricing error measures 

Av(|αN|) and δ should be zero and both maximum correlations ρMVE and ρp should equal 100%.7  

The average absolute alpha measures how well the market portfolio and the mimicking 

portfolios explain the expected returns of the test portfolios in RN. However, as Roll and Ross (1994) 

and Kandel and Stambaugh (1995) show, if the market portfolio is not exactly efficient, then 

perturbations of the reference assets could generate almost any pricing error αN and almost any RΣ
2 of 

regression (6). Therefore, the finding of low average absolute pricing errors for the test portfolios 

does not guarantee that other assets will have a similar small absolute pricing error, even if the 

reference assets plus the market portfolio span their returns. However, this robustness for any 

perturbation of the reference assets is offered by the other 3 inefficiency measure considered. 

The maximum pricing error, denoted by δ, was developed by Hansen and Jagannathan (1997). It 

measures the pricing error of the most severely mispriced portfolio or the upper bound for the pricing 

error of any portfolio constructed from RN+1. The inefficiency measure δ is normalized such that the 

payoffs have second moment equal to unity. Hansen and Jagannathan (1997) show that if the 

stochastic discount proxy is linear, the maximum pricing error is given by the minimum least squares 

distance between the stochastic discount proxy and the stochastic discount factor that is admissible or 

correctly prices all payoffs. 

The admissible stochastic discount factor p* is equal to (see Hansen and Richard (1987), 
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7 Note that any MVE portfolio is also ME, namely those linear combinations of the spanning set that have zero 
loadings on the mimicking portfolios, whereas any linear combination of the spanning set is ME. 
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The least squares distance between p* and the proxy stochastic discount factor can be found by 

regressing p* on a constant c*, the market portfolio and the mimicking portfolios,  

(12)                                                                          ,***** ει +⋅+⋅+⋅= KKppT bRbRcp
 

where σ*2 denotes the variance of the residuals ε*, such that the Hansen-Jangannathan distance δ can 

be defined as8  
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The statistic ρMVE is the maximum correlation between the tangency portfolio and any 

combination of the market portfolio and the mimicking portfolios. Given µN+1+K and VN+1+K, the 

inefficiency measure ρMVE can be expressed as (see e.g. Kandel and Stambaugh (1987)), 
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where V(RMVE) denotes the variance of the tangency portfolio RMVE in (4), and σMVE
2 is the variance 

of the residuals εMVE resulting from regressing the tangency portfolio on the market portfolio and the 

mimicking portfolios as in 

(15)                                                    ,,, MVEKMVEKpMVEpMVETMVE RRR εββαι +⋅+⋅+⋅=
 

In particular, ρMVE can be directly linked to αN and ΣN in regression (6). Gibbons, Ross and 

Shanken (1989) show that  
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where µp,K and Vp,K denote the expectation and variance of Rp,K in (6), θMVE is the maximum Sharpe 

ratio from all N+1 portfolios in RN+1 and thus equals the Sharpe ratio of the tangency portfolio or any 

MVE portfolio, and θp,K is the maximum Sharpe ratio from just using the market portfolio and the 
                                                 
8 Furthermore, δ × (1 + rf) denotes the maximum absolute pricing error per unit of standard deviation, or the 
maximum mispriced Sharpe ratio. In order to get improved intuition about d, Campbell and Cochrane (2000) 
multiply δ × (1 + rf) by an annualized standard deviation of 20% to evaluate annualized expected return errors 
of false models. 
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mimicking portfolios. Therefore, ρMVE can be seen as a particular transformation of the Gibbons, Ross 

and Shanken (1989) measure αN⋅ΣN
-1αN, which measures the difference between the maximum 

squared Sharpe ratio from using all portfolios and the maximum Sharpe ratio from using just the K+1 

spanning portfolios (under the model) in Rp,K. The inefficiency measure ρMVE provides a more 

intuitive comparison of these two Sharpe ratios. Specifically, ρMVE equals the ratio of the maximum 

Sharpe ratio from investing in the portfolios in Rp,K only over the Sharpe ratio of the tangency 

portfolio (see Kandel and Stambaugh (1987) and Shanken (1987b)). 

The measure ρMVE plays a central role in Roll (1977). Roll’s (1977) critique concerning the 

unobservability of the market portfolio underscores the importance of estimating the level of 

inefficiency using various metrics and of viewing the model as an approximation. Also, Roll argues 

that high values of ρMVE should give one reservations about rejecting the CAPM simply because one 

rejects the exact MVE of Rp. Furthermore, as Roll observes: ‘most reasonable proxies will be highly 

correlated with each other and with the true market,’ which is verified by Stambaugh (1982). 

Therefore, while our choice of the market portfolio is necessarily a proxy, as long as it is highly 

correlated with the true market our inference should still hold. At the same time, the use of a proxy of 

the market portfolio indicates that exact pricing (i.e., all pricing errors are exactly zero) may not be 

found even if the ICAPM would hold. This motivates the estimation and pricing performance 

evaluation of models that are a priori only expected to hold approximately, using informative priors 

that allow for mispricing (see e.g. Pástor and Stambaugh (2000) and Pástor (2000)). Other Bayesian 

studies focusing on ρMVE in the context of the CAPM are Shanken (1987b), Harvey and Zhou (1990) 

and Kandel, McCulloch and Stambaugh (1995, KMS). This paper is the first that applies the measure 

ρMVE to multifactor models in a Bayesian framework or to show how to estimate the Hansen-

Jagannathan distance using non-informative or informative priors. 

 

3. Empirical framework, informative priors and data 

 

For the empirical analysis we choose Bayesian inference to estimate µN+1+K and VN+1+K. The 

major advantage of Bayesian inference in this context is that it allows for the incorporation of 

informative prior information. The Bayesian estimation process starts with a prior and results in a 

posterior distribution of µN+1+K and VN+1+K, with which we can compute respectively the prior and 

posterior distributions of all objects of interest. For example, a draw from the distribution of µN+1+K 

and VN+1+K results in a draw from the distribution of the weights wMVE of the tangency portfolio using 

(4). The priors of µN+1+K and VN+1+K are formed using priors on αN, βp,K and ΣN in (6) as well as of the 

ME spanning portfolios Rp and RK. Appendix A shows how to translate draws from the distribution of 
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µN+1+K and VN+1+K into draws from the distribution of the four inefficiency measures ρp in (8), 

Av(|αN|) in (6), δ in (13) and ρMVE in (14). 

 

3.1 Non-informative versus informative priors 

 

An important methodological choice is the choice between non-informative versus informative 

priors for µN+1+K and VN+1+K. Using non-informative priors, the posteriors will be very similar to the 

classical maximum likelihood results. However, informative priors allow additional inference of the 

information in the data. Generally, one can compare how the data change informative prior views of 

the four different statistics into posterior distributions over a wide range of prior views. If the data 

shift the values of any inefficiency measure closer to its value under exact efficiency, this is evidence 

that the data support the aspect of the model that is evaluated by that particular statistic. In addition, 

prior views on the basic parameters of the models can be chosen such that the marginal, unconditional 

priors of the inefficiency measures can be kept basically identical across different models. One can 

then conduct a horse race by comparing the posterior results of these inefficiency measures across 

models, where any difference can be attributed by the data. 

 There are three prime motivations for using informative priors: to avoid some problematic 

properties of non-informative priors, to explicitly allow for prior model mispricing or for models to 

hold only approximately, and finally to adjust the estimates of the inefficiency measures for model 

size when comparing across models. In this section, we present the estimation results from using non-

informative priors of µN+1+K and VN+1+K to motivate the use of informative priors in the remainder of 

the paper. 

First, in the context of the CAPM, KMS show that for data samples of typical size non-

informative priors can have highly undesirable properties that make posterior inference about the 

evidence in the data problematic (which we will shortly confirm for multifactor models and multiple 

inefficiency measures). In short, the problem is that data samples commonly used are too short to 

have different priors converge to a common posterior opinion. In particular, non-informative priors 

for the basic model parameters, such as e.g. αN, βp,K and ΣN in (6), are shown to lead to highly 

informative priors of nonlinear transformations of these parameters, such as e.g. ρp in (7), δ in (13) 

and ρMVE in (14). Such implicitly highly informative priors on these inefficiency measures make it 

very hard to use posteriors to distinguish the evidence in the data from the content of the imposed 

priors. 

Instead, KMS advocate conducting careful prior elicitation and comparing posteriors to priors in 

order to investigate the information in the data and comparing posteriors across a wide range of priors 
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in order to investigate the sensitivity of the results to the priors. New in this paper is the comparison 

of pricing ability across models by choosing basically identical priors for the inefficiency measures in 

each of the models under comparison. 

Second, the ‘exact efficiency’ paradigm holds that all pricing errors are zero and the model 

restrictions hold exactly. However, it is not unreasonable to a priori expect a model to hold only 

approximately – leading to lower pricing errors than using any other model, but still allowing non-

zero pricing errors. One reason models might only hold approximately is the existence of 

measurement problems for both the market portfolio (see Roll (1977)) and the state variable 

mimicking portfolios. Further, the fact that using non-informative priors or classical analysis the 

literature is typically able to reject that any of the considered models holds exactly is another impetus 

to investigate whether or not these models may hold approximately. For example, Davis, Fama and 

French (2000) can reject the FF model for portfolios formed from independent sorts of stocks on size 

and book-to-market using the Gibbons, Ross and Shanken (1989) test, writing that ‘this result shows 

that the three-factor model is just a model and thus an incomplete description of expected returns.’ 

Informative priors enable us to explicitly deal with the case where models are only expected to 

hold approximately. The prior view on model mispricing is incorporated through the prior of αN in 

(6). The priors of αN used in this paper are the same as in Pástor and Stambaugh (2000) and Pástor 

(2000), which investigate portfolio decisions if the investor a priori expects the models to hold only 

approximately. Choosing a prior of αN that is very tightly centered around zero reflects the view of an 

investor who strongly believes in the pricing ability of the models. The choice of a prior of αN with a 

prior expectation of zero but a large standard deviation reflects large prior uncertainty about the 

model’s pricing ability. However, neither Pástor and Stambaugh (2000) nor Pástor (2000) use such 

priors to directly evaluate pricing performance in the context of models holding approximately. Also, 

neither seek to answer the question of whether adding factors to the CAPM decreases pricing errors 

relative to those of the CAPM. 9  

Third, another aspect of the small sample problem is that if factors are added to the model, this 

can only decrease the posterior mean of δ and increase the posterior mean of ρMVE and ρp. This again 

motivates the use of informative priors, as the specification of informative priors can directly account 

for model size in the priors. As a solution, we compare posteriors across models by using informative 

priors that are basically similar for the different models. This directly addresses any model size 

differences in the comparison. 

                                                 
9 See also Kandel and Stambaugh (1987) and Shanken (1987), who consider the evidence for the exact pricing 
paradigm for the CAPM in the case of measurement problems for the market portfolio. 
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A natural question arises of whether the resulting posteriors are not largely driven by the priors 

and much less by the data. While the priors are an important determinant of the posteriors, any shift 

from prior to posterior is obviously due to the data, so the extent to which the data shifts the prior 

over a wide range of priors gives some indication on how much information there is in the prior 

relative to the data. Further and most important, all empirical conclusions reached in this paper were 

ensured to be robust to significant changes to the priors and hold over a wide range of reasonable 

prior views. 

 

3.2 Data and factors 

 

The sample period used is from 1954:1 to 2001:12 for a total of 576 monthly observations. The 

data from 1927:1 to 1953:12 for a total of 324 monthly observations is used as a training sample to 

assist in the choice of the informative priors (see the next section for the details).  

We choose two different sets of test portfolios. The first set consists of the 25 book-to-

market/size-sorted value-weighted portfolios that result from the sorting according to Davis, Fama 

and French (2000). These ‘BM/size-sorted’ portfolios are formed by first sorting all NYSE, AMEX, 

and NASDAQ stocks in the intersection of the CRSP and Compustat files into five groups according 

to market capitalization (‘size’) and then each into 5 groups according to the ratio of book value of 

equity to market capitalization (‘book-to-market’ or ‘BM’). The second set of test portfolios consists 

of 30 industry-sorted portfolios. The market proxy Rp is the value-weighted portfolio of all stocks.  

We consider three factors for the mimicking portfolios in RK. The first two factors are from the 

FF model: the size factor (‘small-minus-big’ or ‘SMB’), capturing the difference between small and 

large capitalization stocks, and the book-to-market factor (‘high-minus-low’ or ‘HML’), capturing the 

difference between stocks with a high and low book value of equity relative to market capitalization. 

Fama and French (1992, 1993, 1996) show that these two additional factors explain much variation in 

the cross section of stock returns, and claim that they also significantly improve pricing, i.e. reduce 

pricing errors of the test portfolios used.  

The third factor considered is the momentum factor (‘up-minus-down’ or ‘UMD’, see e.g. 

Jegadeesh and Titman (1993) and Carhart (1997)).  This momentum factor is constructed from six 

value-weighted portfolios formed on size and prior 12-month return, which are the intersections of 2 

portfolios formed on size and 3 portfolios formed on prior 12-month return. The UMD mimicking 

portfolio is the average return on the two high prior return portfolios minus the average return on the 

two low prior return portfolios (see Fama and French (1996), Jegadeesh and Titman (2001) and 

Grundy and Martin (2001)).  
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We consider four different asset pricing models: (1) the CAPM (K = 0), (2) the FF model (K = 

2), (3) the two-factor model including the market portfolio plus UMD (K = 1), (4) the four-factor 

model including the three factors of the FF model plus UMD (K = 3). All three factors were proposed 

in the literature to address specific shortcomings of the CAPM. All returns are in excess of the risk-

free asset, which is the one-month Treasury bill rate.10 

 

3.3 Results using non-informative priors 

 

In order to compare to the previous literature, illustrate the small sample problem and 

empirically motivate the use of informative priors, we first use non-informative priors for µN+1+K and 

VN+1+K. The non-informative priors and resulting posterior distributions of µN+1+K and VN+1+K are 

given in Appendix C. The posterior results for the CAPM and the FF model are computed using 

10,000 draws from the posterior distributions of µN+1+K and VN+1+K. In Table 1, we report the posterior 

mean and standard deviation of the four inefficiency measures using non-informative priors.  

 At first glance, the results in Table 1 seem to show dramatically bad performance for all models 

under consideration, for all four inefficiency measures. For example and again for all four asset 

pricing models considered, the non-informative priors result in dramatically low posterior means of 

both correlation measures ρp and ρMVE and dramatically high posterior means of the Hansen-

Jagannathan distance δ. However, a simulation study shows that such posterior means could be 

obtained with relatively large probabilities using a sample size of 576 months even if the respective 

models would hold exactly.  

In Figure 1A, we plot the posterior distribution of ρp for the CAPM using the improper priors 

(using the actual data and the 25 FF portfolios), together with two histograms of the posterior means 

of ρp for the CAPM using the improper priors from two simulation exercises assuming normal 

distributions. In the first, we conduct 1,000 simulations where returns are simulated such that the 

model under evaluation – in this case the CAPM – holds exactly, using the µN+1+K VN+1+K maximum 

likelihood estimates and constraining all pricing errors to be exactly zero. In the second, we conduct 

1,000 simulations using the unconstrained µN+1+K VN+1+K maximum likelihood estimates. We find that 

the posterior mean of ρp for the CAPM in the actual data is greater than 23.6% of the posterior means 

of ρp for the CAPM estimated from the simulations such that the CAPM holds exactly. Moreover, 

comparing the two histograms of the posterior means of ρp, we find that the probability that the 

                                                 
10 All stock return and risk-free rate series used in this paper are generously supplied by Kenneth French on his 
web site, see http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/. 
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posterior mean in the unconstrained simulations is greater than in the constrained simulations equals 

22.1%.11  

As a second illustration and to show that this problem is not limited to ρp (which equals ρMVE for 

the CAPM), figure 1B plots the corresponding results for the posterior means of the average absolute 

pricing error, Av(|αN|), under the CAPM using non-informative priors and the actual data using the 30 

industry-sorted portfolios in conjunction with again two histograms of the posterior means of Av(|αN|) 

for the CAPM using the improper priors, under the CAPM holding exactly and using the 

unconstrained µN+1+K VN+1+K maximum likelihood estimates. In this case, the posterior mean of 

Av(|αN|) for the CAPM in the actual data is smaller than 26.2% of the posterior means of Av(|αN|)  for 

the CAPM estimated from the simulations such that the CAPM holds exactly. In addition, comparing 

the two histograms of the posterior means of Av(|αN|), we find that the probability that the posterior 

mean in the unconstrained simulations is greater than in the constrained simulations equals 4.2%. 

These results confirm the large estimation uncertainty and hence the severe small sample 

problems in estimating the asset pricing models using non-informative priors as also reported in 

KMS.  They interpret this as a case where non-informative priors about µN+1+K and VN+1+K imply very 

sharp priors about statistics such as ρMVE. In a large enough sample, the posteriors would be such that 

even sharp priors about a particular statistic are dominated by the data, which the posterior p-values 

show is not the case here. Therefore, we refer to this issue as a small sample problem rather than just 

a problem associated with the use of non-informative priors. As we will show, even if informative 

priors are used, the data is not always able to converge different priors to a common posterior 

opinion.  

These small sample problems suggest that classical studies using a fixed uncertainty level may 

reject models too often (see e.g. Shanken (1987b)) and may have low power against alternatives.  

This lack of power is illustrated by the posterior p-values. It is also made clear by our finding that 

these p-values hardly change if the simulations used to calculate the p-values are done using the 

unconstrained maximum likelihood estimates of µN+1+K and VN+1+K, such that pricing errors are not 

constrained to be zero. In addition, the severity of the small sample problem may depend on model 

size, which complicates the comparison of e.g. the CAPM to the FF model. 

Finally, the corresponding results for the other asset pricing models are much less dramatic. 

However, to the extent that the CAPM is our benchmark model for which we want to investigate the 

impact of added factors, our focus on the CAPM seems warranted. Further, as the results for proper or 

informative priors in the following sections will show, for the other asset pricing models the data is 

                                                 
11 KMS extensively document the same problem for the CAPM and ρMVE. Ahn and Gadarowski (1999) discuss 
small sample problems in the estimation of the Hansen-Jagannathan distance in a classical framework.  
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also clearly unable to have different priors converge to a common posterior distribution. Further 

discussion of the pricing comparison of these models will be done using the informative priors.  

 

4. Empirical application using informative priors 

 

We start with an informative prior about how large the pricing errors are expected to be, and try 

to answer the following two questions: Does the data support a particular model by moving the priors 

of various inefficiency measures closer to the values implied by the data? And further: does the data 

support that the addition of an additional factor to the CAPM further decreases pricing errors? 

 

4.1 Methodology of choosing informative priors 

 

We choose a similar framework for choosing priors of µN+1 and VN+1 as KMS. We use the 

regression framework in (8) for specifying priors of µN+1 and VN+1. Therefore, the specification of the 

priors for µp,K = E([Rp RK]) and Vp,K = V([Rp RK]) in combination with priors for αN, βp,K = [βp βK] 

and ΣN results in priors for µN+1 and VN+1 using 
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where for the CAPM, K = 0 and βK is set to zero. 

For the prior distributions for µp,K and Vp,K we choose the normal-inverse Wishart conjugate 

priors. This choice greatly improves the clarity and tractability of the posterior analysis, as prior and 

likelihood combine such that prior and posterior have the same distributional forms. Specifically, the 

prior can be directly interpreted as implied from the data in the training sample, 
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where N(⋅) denotes the multivariate normal distribution and IW(⋅) denotes the inverse Wishart 

distribution such that µp,K,0 and Vp,K,0 are the prior expectations of µp,K and Vp,K. Furthermore, t0 is the 

degree of freedom in the priors. Combined with a normal likelihood of [Rp Rk] given µp,K and Vp,K, 

the posteriors are 
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where µp,K,OLS and Vp,K,OLS are the maximum likelihood estimates of µp,K and Vp,K. The posterior 

expectation of µp,K is a weighted average of its prior expectation and maximum likelihood estimate, 

where the weights are determined by the degrees of freedom in the prior, t0, and the number of 

observations T.  

Similar to KMS, we use the 324 monthly returns in the period 1927 to 1953 as a training sample 

for prior elicitation. The prior means of µp,K and Vp,K, denoted by µp,k,0 and Vp,k,0, are set equal to their 

maximum likelihood estimates in the training sample. Furthermore, we choose t0 = 324, or equal to 

the number of observations used in the training sample. We find that with T = 576, the posterior 

results are robust to large changes in µp,k,0 and Vp,k,0.  

For the regression parameters αN, βp,K and ΣN in (8), we choose the following normal inverse-

Wishart conjugate priors, 
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where αN,0, βp,K,0 and ΣN,0 are the prior expectations of αN, βp,K and ΣN, respectively. 
Similar to KMS, Pástor (2000), and Pástor and Stambaugh (2000, 2002a, 2002b), we choose 

priors that center around the pricing restriction. As a result, we set the prior expectation of αN equal to 

zero such that αN,0 = 01×N, and choose a nonzero prior variance of αN that allows for mispricing. 

Furthermore, the prior expectations of βp,K and ΣN are set at their respective maximum likelihood 

estimates in the training sample. 

For the prior variance-covariance matrix of αN and βp,K, Λ0, we choose a setting which resembles 

the g-prior specification, a popular choice in Bayesian statistics (see Zellner (1986)), such that 
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where the scalars λα and λK+1 determine the prior variance of αN and βp,K, respectively. 

With a prior expectation of αN of zero, the choice of a larger prior variance of αN or a large value 

of λα reflects less prior confidence in the pricing ability of the model, which increases the prior means 

of Av(|αN|) and δ and lowers the prior mean of ρMVE and ρp. Finally, we choose very large prior 

variances of βp and βK by setting λK+1 = 10, such their prior means become relatively unimportant.  

Our choice of the prior of αN dependent on the variance matrix of the regression residuals ΣN is 

motivated by MacKinlay (1995). He shows that if αN is not linked to ΣN under a risk-based model, 

very large Sharpe ratios could potentially be obtained by combining the assets in RN with those in 

Rp,K. Therefore, he argues that the risk-based nature of the model should make large values of 

mispricing less likely than under non-risk-based alternatives. The prior of αN reflects this notion: for a 

given λα, large values of mispricing receive lower probabilities relative to the case where αN would 

be a priori independently distributed from all other parameters and in particular from ΣN.  

Moreover, MacKinlay (1995) argues that any mispricing (non-zero αN) will be accompanied by 

a higher residual variance, which is reflected in the prior by the link between αN and ΣN. These same 

motivations underlie the prior choices in Pástor and Stambaugh (1999, 2000, 2002b) and Pástor 

(2000). In the context of the CAPM, KMS choose the prior variance of αN dependent on µp but 

independent of ΣN. However, they suggest our alternative approach as a possible improvement but 

leave it for further research. 

Combined with the normal likelihood of RN given αN, βp,K and ΣN, the posteriors are (see Poirier 

(1995, p. 540-543 and 597-599)), 
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where Xk+1 = [ιT Rp,k], see (6), and αN,1, βp,K,1 and ΣN,1 are the posterior expectations of αN, βp,K and 

ΣN, respectively, which can be written as 
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where αN,OLS, βp,OLS, βK,OLS and ΣN,OLS are the maximum likelihood estimates of αN, βp, βK and ΣN, 

respectively. 

 

4.2 Posterior sensitivity to the prior 

 

Extensive sensitivity analyses show that the posterior results are relatively robust to large 

changes in the priors of βp,K, ΣN and in the priors of µp,K and Vp,K (the means and variances of the 

factors). The only prior choice that has a profound impact on both the prior and posteriors of the four 

inefficiency measures is the prior variance of αN, which is determined by λα.  

In order to illustrate the sensitivity of the posteriors to large changes in those former prior 

choices, we report in Panel A of Table 2 the results for three different prior views of λK (which 

determines the size of the prior variance-covariance matrix of βp,K) and in Panel B of Table 2 the 

results for three different choices of t0 (influencing the prior of ΣN, µp,K and Vp,K), whereas all the 

other prior choices (other than the one that is varied) are as described in the previous subsection and 

λα = 1. We report the posterior means and standard deviations of all four inefficiency measures for 

each of the respective prior choices, but in order to save space only for the CAPM and the FF models 

and the 25 FF test portfolios. 

A higher value of λK means a higher prior uncertainty about βp,K and less emphasis on the 

training sample prior estimates of βp,K in the posterior of βp,K, see (31) – (37). First, notwithstanding 

the large range of values of λK considered (0.5 to 10), the prior means of the four inefficiency 

measures remain identical. Second, there is some effect of the choice of λK on the posterior mean of 

Av(|αN|) for the CAPM only, where larger values of λK lead to lower abnormal returns, but relative to 

the sensitivity of the posterior of Av(|αN|) for choices of λα (as we will show shortly) these differences 

are small. Moreover, we do not find this sensitivity with respect to λK for any of the other three 

inefficiency measures and the CAPM, nor for all four inefficiency measures and the FF model.  

Next, a smaller value of t0 means a higher prior uncertainty about µp,K and Vp,K (the means and 

variances of the factors) as well as about ΣN (the residual variance-covariance matrix), see (23) – (32), 

(36) and (38). For a broad range of values of t0, from t0 = 81 to t0 = 648 (or from a quarter to twice the 

number of time series observations in the training sample, which is 324), we find both prior and 

posterior means of all four inefficiency measures and both the CAPM and the FF model to be quite 

stable. 

Therefore, in the remainder of the paper we only report results for four different prior views that 

only differ in their respective values of λα, ranging from a prior view that allows large mispricing (λα 

= 2) to a prior view that reflect much confidence in exact efficiency (λα = 0.25). All other prior 
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choices remain fixed henceforth, such that λK = 10, t0 = 324, and the means of βp,K, µp,K and Vp,K equal 

to the maximum likelihood estimates from the training sample, and pricing errors are a priori mean 

zero. A larger value of λα reflects the a priori expectation that mispricing under the model is larger. 

As a result, larger values of λα imply larger prior means of Av(|αN|) and δ and smaller prior means of 

ρMVE and ρp. Also, the results for λα = 2 are closest to the results that would arise from non-

informative priors. 

Furthermore, λα determines the prior variance of αN conditional on ΣN, while the unconditional 

variance of αN equals λα2 ⋅ ΣN,0 / T. As a result, the average of the diagonal of ΣN,0 times λα2/T 

provides the average unconditional variance of αN. For the BM/size-sorted test portfolios, the 

(annualized) average of the diagonal of ΣN,0 for the CAPM and FF model equals (40.44%)2 and 

(26.73%)2, respectively, and for the industry-sorted portfolios (31.66%)2 and (28.90%)2, respectively. 

For example, for the CAPM and the BM/size-sorted portfolios, the average unconditional 

(annualized) variance of αN equals (7.0%)2 and (0.87%)2 for λα = 2 and λα = 0.25, respectively.  

In table 3, we report results for the four inefficiency measures: for the average absolute pricing 

error, Av(|αN|), in panel A, the Hansen-Jagannathan distance, δ, in panel B, the maximum correlation 

of the market portfolio plus the included mimicking portfolios with the tangency portfolio, ρMVE, in 

panel C and the maximum correlation of the market portfolio with any multifactor efficient portfolio, 

ρp in panel D. For each model and choice of test portfolios considered in the table, we report the prior 

and posterior means and standard deviation of the particular inefficiency measure.12 

We start with addressing two questions that are critical for interpreting the results. The first 

question is how to choose priors to compare pricing performance across models? As the only prior 

hyperparameter choice that is crucially important is the choice of λα, this question comes down to 

how to choose λα across models.  

In general, the influence of λα on the prior and consequently on the posterior results is 

straightforward: decreasing λα for a given model means that less prior mass is given to larger pricing 

errors (i.e., more shrinkage), which lowers the prior and posterior means of Av(|αN|) and δ and 

increases the prior and posterior means of  ρMVE and ρp. Similarly, if λα

                                                

 is kept constant but we add 

factors to a model this means that for the larger model the prior residual variance is lowered. 

Crucially, because of the direct link between αN and ΣN in the prior distribution of α in (31), this 

lowers the prior standard deviation of α such that less prior mass is given to larger pricing errors in 

the larger model than in the smaller model. As a result, ceteris paribus adding a factor would lower 

 
12 We only report results for the CAPM and the FF model. The results for those models extended by the 
momentum factor UMD are available upon request. 
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the prior mean of Av(|αN|) and increase the prior mean of ρp for the larger relative to the smaller 

model. 

We would argue that setting the marginal, unconditional priors of αN equal across competing 

models is the most intuitive way to compare posteriors across models. We implement this by ensuring 

that the prior means of Av(|αN|) is equal across models. It turns out that this is generally sufficient in 

order to get basically identical marginal, unconditional priors for the other three inefficiency 

measures as well. As a result, we typically will choose a larger λα for the larger model with the 

smaller prior expected residual variances in ΣN,0, such that the unconditional variance of the alpha’s is 

still the same as those of the smaller model. Also note that in each model, the prior means of all 

alpha’s are always set equal to zero, as discussed above. For the remainder, the priors of the model 

parameters are determined as described in the previous subsection.  

The second question is whether the information in the prior drives our results? As is obvious 

from our results, the prior still matters: the posterior means of the inefficiency measures depend on 

the priors. However, we conduct extensive sensitivity analysis to ensure that the posterior results are 

robust to large changes in the priors. Still, in some cases the prior seems to completely dominate the 

posterior for the smaller values of λα. This is a particular problem for the Hansen-Jagannathan 

distance δ, as evidence by panel B of table 3, which presents the prior and posterior mean of δ for 

different values of λα and the BM/size-sorted test portfolios.13 For prior views with λα ≤ 1 the data 

only changes the posterior of δ relative to the prior a few percentage points. For example, if one only 

considers λα = 1, one might conclude that the data generally confirm the prior. However, the 

comparison to prior views with λα =0.5 and 0.25 shows that the data seems to confirm these priors as 

well. This is illustrated in figure 2, which plots the prior and posterior distributions of δ for the FF 

model and the BM/size-sorted test portfolios and λα = 1, 0.5 and 0.25. For λα

                                                

 = 1, the data clearly 

shift the posterior distribution of δ to lower values relative to the prior. However, for the other two 

prior views, the posterior and prior distributions of δ are virtually identical and the data hardly 

influences the prior at all. Therefore, even using informative priors there is very limited information 

in the data about δ.  

Critically, the limited ability of the data to change the priors is due to the small sample problem, 

i.e. too few observations, and not to excessive strong priors per se. The simple reason is that this 

 
13 Results for the industry-sorted test portfolios and non-reported λα’s are similar and available upon request. 
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result remains if the amount of information in the prior relative to the data is much lowered, for 

example by choosing very lower values of t0, or for λα > 2.14 

Fortunately, this problem is clearly much less severe or non-existent for the other three 

inefficiency measures with identical values of λα

                                                

. This underlines the importance of comparing the 

posteriors for multiple prior views as well as multiple inefficiency measures. 

Finally, it is crucial to stress that even if priors play an important role in the individual posterior 

distributions, they do not at all drive any of the empirical conclusions in this paper. We compare how 

the data change priors over a wide range of priors, and certify that reported findings hold over this 

wide range. 

 

4.3 Posterior results using informative priors 

 

In this section, we argue that the results following from our methodology lead to the following 

three conclusions: that the market portfolio is useful for pricing, that none of the other factors robustly 

decrease pricing errors if added to the CAPM and finally that the results for the FF-model exhibit 

clear dependence on the choice of the test portfolios while the CAPM results do not. 

We investigate prior and posterior distributions while varying λα over a wide range and fixing all 

other prior choices as discussed above. First, we find that the market portfolio is clearly useful for 

pricing. It is ‘useful’ in the sense that if one has a certain prior about expected returns, then applying 

the CAPM to the data should generally lead to posterior views of expected returns that are more in 

line with the evidence in the data. The evidence for this is given by the fact the data generally move 

the priors of all four inefficiency statistics towards the values implied by the model. This reverses the 

findings of KMS as discussed in section 4.5. 

The relevant results are presented in table 3: panel A for Av(|αN|), panel B for δ and panel C for 

ρMVE (= ρp for the CAPM). For all prior choices and both sets of test portfolios, combining the data 

with the priors clearly leads to a lower posterior mean of Av(|αN|) and a higher posterior mean of 

ρMVE relative to their respective prior means. Such shifts towards the values implied by exact 

efficiency imply that the data support the efficiency of the model for the aspects that are evaluated by 

these statistics.15  

The support for the CAPM using the inefficiency measure δ is not as convincing as using either 

Av(|αN|) or ρMVE. This is because for the BM/size-sorted test portfolios the data slightly decrease the 

 
14 Also, Ahn and Gadarowski (1999) discuss similarly severe small sample problems in the estimation of the 
Hansen-Jagannathan distance in a classical framework. 
15 These results contradict those in KMS, which will be discussed in detail in the next subsection. 
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posterior mean of δ for prior views with λα ≤ 1. However, as discussed the posteriors for this 

particular inefficiency measure are influenced more by prior assumptions than by information from 

the data, such that this evidence against the CAPM is very weak. Furthermore, for the industry-sorted 

test portfolios the data consistently decrease the posterior mean of δ for the CAPM for all prior views. 

Second, there is little evidence that the three additional factors robustly decrease the pricing 

errors as measured by any of the four inefficiency measures if they are added to the CAPM. It is 

precisely in comparing pricing performance across models that informative priors are most useful. It 

provides a direct solution to the problem that in a small sample adding a factor to the CAPM 

necessarily decreases the posterior mean of δ and increases the posterior mean of ρMVE and ρp. The 

solution is to choose priors across models than are basically identical, such that any difference in 

posteriors can be attributed to the data. In particular, the differences in model size across models can 

be thus accounted for in the prior. This often involves choosing a smaller value for the prior 

hyperparameter λα for the CAPM than for the multifactor models. However, this in no way biases the 

procedure against or in favor of larger versus smaller models. As previously discussed, if we keep λα 

fixed then adding a factor will lower the prior residual variance (through the training sample) and thus 

decrease the overall prior variance of αN through the prior link between αN and ΣN. As a result, 

choosing a lower value for λα for the CAPM than for a multifactor model ‘compensates’ for the larger 

prior residual variance for the CAPM. This ensures that the unconditional prior variance of αN (i.e., 

nót dependent on ΣN) is similar across models. 

As this is the most important empirical contribution of this paper, we discuss the evidence for 

each of the four inefficiency measures separately. We start with the average absolute pricing errors of 

the test portfolios, Av(|αN|), in panel A of table 3. If we use the BM/size-sorted test portfolios, then 

adding the FF factors to the CAPM reduces the average absolute pricing errors relative to the market 

portfolio by itself. However, the reverse holds for the industry-sorted test portfolios, for which the 

posterior mean of Av(|αN|) for the FF model are slightly larger than for the CAPM.  

This result is best illustrated by figures 3A and 3B, which plot a representative marginal prior 

and posterior distribution of Av(|αN|) for three different asset pricing models, namely the CAPM, the 

FF model and the two-factor model including UMD.16 The results for the BM/size-sorted test 

portfolios are given in figure 3A and the results for the industry-sorted test portfolios in figure 3B. 

The plotted priors are such that the prior mean of Av(|αN|) equals approximately 0.23% in figure 3A 

and 0.20% in figure 3B. Therefore, λα = 1.75 in the prior for the FF model and if we use the BM/size-

sorted test portfolios and λα

                                                

 = 1.25 for all other priors. Crucially, the marginal prior distributions of 

 
16 Results for other values of λα are similar and available upon request. 
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Av(|αN|) for the three difference asset pricing models in each figure are highly comparable. As a 

result, the differences in the posteriors of the three models can be attributed to the data, and not to 

difference in the respective priors. 

For the BM/size-sorted test portfolios, figure 3A shows that the marginal posterior distribution of 

Av(|αN|) for the FF model lies to the left of the marginal posterior distribution for the CAPM and the 

two factor model including UMD. The marginal posterior distribution of Av(|αN|) in figure 3B using 

the industry-sorted test portfolios gives an opposite result. In this case the posterior probability that 

Av(|αN|) for the CAPM is smaller than Av(|αN|) for the FF model equals 83%, with a corresponding 

prior probability of only 41%.17 This discrepancy of the results for the FF model with respect to the 

choice of test portfolios is particularly critical as the main evidence in favor of the model in Fama and 

French (1993, 1996) and Davis, Fama and French (2000) is based on (average) alpha’s using the 

BM/size-sorted test portfolios. 

For both sets of test portfolios and all prior views we find that adding the momentum factor 

UMD to the CAPM increases the average absolute pricing errors relative to the market portfolio by 

itself. For example, For example, if we use the BM/size-sorted test portfolios and λα = 1.25 (as 

plotted in figure 3A), the posterior mean of Av(|αN|) equals 0.19% for the CAPM and 0.22% for the 

two-factor model including UMD while both prior means equal 0.23%. In this case the posterior 

probability that Av(|αN|) for the CAPM is smaller than for the two-factor model including UMD 

equals 70%, with a corresponding prior probability of 48%. 

Second, we consider the evidence for the Hansen-Jagannathan distance using prior views for 

which the data clearly move the prior of δ, with λα = 2, 1.75 and 1.5.18 In these cases, the results for 

the Hansen-Jagannathan distance δ are similar to those for Av(|αN|). We again find the discrepancy of 

the results depending on which of the two sets of test portfolios is used. E.g., for the BM/size-sorted 

test portfolios, the FF factors lead to lower posterior means of δ relative to the CAPM, for the 

industry-sorted test portfolios the FF factors lead to higher posterior means of δ.  

This is again best illustrated graphically, in this case in figures 4A and 4B, which plot the prior 

and posterior distribution of δ for the CAPM, the FF model and the four-factor model including 

UMD, for the BM/size-sorted test portfolios (figure 4A) and the industry-sorted test portfolios (figure 

4B) and λα

                                                

 = 2. While the priors of δ for the three asset pricing models are almost identical, the 

posterior of δ for the CAPM clearly lies to the right of the posteriors of the other two models for the 

BM/size-sorted test portfolios but to the left for the industry-sorted test portfolios. For example, for 

 
17 This is due to the lower prior mean of Av(|αN|) for the FF model in figure 1B, which can only lower (thus 
help) its posterior mean. 
18 The larger λα, the less information in the prior of βp,K in (31), thus the more the data dominates the posterior. 
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the industry-sorted test portfolios the posterior probability that δ for the CAPM is lower than for the 

FF model equals 79% with a corresponding prior probability of 48%. 

Third, if we use the statistic ρMVE and the BM/size-sorted test portfolios, there is some evidence 

that both the FF factors and the momentum factor UMD reduce pricing errors. For example, in figure 

5A we plot the prior and posterior distributions of ρMVE for the CAPM, the FF model and the two-

factor model including UMD for λα = 0.75, 1 and 1.5, respectively, such that for all three models the 

prior expectation E[ρMVE] ≈ 54%.  Here, the priors of ρMVE are very similar, while the posteriors for 

both multifactor models are to the right of the posterior of the CAPM. For example, the prior 

probability that ρMVE for the FF model and the two-factor model including UMD is larger than for the 

CAPM equals 49% and 50%, respectively. The respective posterior probabilities are 59% and 72%. 

For the industry-sorted test portfolios we again find some improvement if we add the momentum 

factor UMD to the CAPM. On the contrary, there is no evidence in the data that adding the FF factors 

to the CAPM further improves ρMVE. These results are illustrated in figure 5B, which plots the 

marginal prior and posterior distributions of ρMVE for the CAPM, the FF model and the two-factor 

model including UMD for λα = 1, 1.25 and 2, respectively, such that for all three models the prior 

expectation E[ρMVE] ≈ 42%. The priors are again chosen such that they are very similar; e.g., the prior 

probability that ρMVE for the FF model and the two-factor model including UMD is larger than for the 

CAPM equals 55% and 51%, respectively.19 The corresponding posterior probabilities are 46% and 

77%. Consequently, in figure 5B the posterior of ρMVE of the two-factor model including UMD is 

clearly to the right of the posterior of the CAPM, while the posterior for the FF model is slightly to 

the left. 

Fourth, the results for the final inefficiency measure ρp provide the arguably strongest evidence 

from the data against adding the FF factors or the momentum factor to the CAPM, as presented in 

panel D of table 3. For both sets of test portfolios, the data lowers the posterior mean of ρp relative to 

the prior for all multifactor models considered for all but one prior view. The only exception occurs 

for the four factor model with λα = 0.25, where the influence of the data on the posterior is minimal. 

A typical example is given in figures 6 A – B, which plot the marginal prior and posterior 

distributions of ρp for the CAPM, FF model and the two-factor model including UMD using the 

BM/size-sorted (figure 6A) and the industry-sorted (figure 6B) test portfolios. We choose λα

                                                

 = 0.5, 

1.5 and 1.75, respectively, such that for all three models the prior expectation is such that E[ρp] ≈ 

63%. The posterior of ρp for the FF model is clearly to the left of its prior, and similarly for the two-

factor model including UMD. For the CAPM, the data does not shift the posterior of ρp to lower 

 
19 The larger prior expectation of ρMVE for the FF model can only help that model in the posterior.  
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values: e.g. the posterior mean of ρp is 70.0% versus a prior mean of 63.4% for the industry-sorted 

test portfolios. Also and again for the industry portfolios, the median of the prior of ρp for the CAPM 

equals 53% (thus the prior probability that ρp > 53% equals 50%), while the posterior probability that 

ρp is larger than the prior median equals 65%. 

 

4.4 Robustness 

 

We perform two further robustness checks of our results, by considering very small values of λα 

and by comparing prior and posterior distributions from data simulated with and without each 

particular model holding. 

First, we consider the results for very small values of λα. In figure 7A and using the 25 BM/size-

sorted test portfolios, we plot the prior and posterior distributions of Av(|αN|) for both the CAPM and 

the FF model. We use very small values of λα equal to 0.1 and 0.2, respectively, such that the priors of 

Av(|αN|) are quite similar in both cases, each with a prior mean of 0.00018 (or 0.22% annualized). We 

find that in this case, the data still moves the posterior of Av(|αN|) closer to zero. The resulting 

posterior distributions are quite similar across both models, with a posterior mean of Av(|αN|) of 

0.00014 for the CAPM and 0.00013 for the FF model.   

In figure 7B and again using the 25 BM/size-sorted test portfolios, we plot the prior and 

posterior distributions of ρp and ρMVE for both the CAPM and the FF model. The very small values of 

λα used now are equal to 0.1 for the CAPM, and either λα = 0.2 for the FF model and ρp and λα = 0.1 

for the FF model and ρMVE. In all three cases, the posterior means of ρp or ρMVE is slightly larger than 

the respective prior means, even though the modes of the posterior distributions are slightly smaller 

(or to the left) relative to the modes of the respective prior distributions. Put differently, in all three 

cases the priors are more left-skewed than the posteriors, such that the data still moves the posteriors 

closer to 100%. For example, the prior and posterior means of ρp for the CAPM are 93.6% and 

97.9%, respectively, while the prior and posterior modes are 99.4% and 99.1%, respectively. 

The second robustness check is motivated by figures 1A-B, which plot the histograms of the 

posterior means of Av(|αN|) and ρp for the CAPM simulated with and without the CAPM holding, and 

using improper priors. We found there that the two histograms were quite similar, such that the data 

was not able to sufficiently distinguish between these two simulation schemes. Figure 8A repeats this 

exercise for Av(|αN|). For both the CAPM and the FF model and using λα = 1.5 and the BM/size-

sorted test portfolios throughout, we plot both the histogram of the posterior mean of Av(|αN|)using 

data simulated with the model (either the CAPM or the FF model) holding, and the posterior mean 

using data without the model holding. The results confirm the ability of the data to clearly decide 
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between either simulations in combination with the use of informative prior information: for both 

models there is hardly any overlap between the two histograms of the posterior means simulated with 

and without the model holding. Further and as expected, the histograms of the posterior means for the 

simulations with the model holding are clearly to the left of the respective posterior histograms for the 

simulations without the model holding, and both are clearly to the left of the respective prior means of 

Av(|αN|), which equal 0.28% and 0.232% for the CAPM and FF models, respectively.  

In figure 8B, we conduct an analogous procedure for ρp and the FF model, using the BM/size 

portfolios and λα = 1.5 throughout, motivated by the potential concern that the failure of the FF model 

to increase ρp in the posterior could be caused by some hitherto unexplored prior assumptions. The 

results confirm that this indeed is a concern, because the much of the histogram of the posterior mean 

of ρp under the FF model holding is to the left of the prior mean of ρp, which is equal to 66%. This 

can only be due to some important difference in the training versus the data samples. In particular, ρp 

is driven by the correlations of the market portfolio with the tangency portfolio (which is the same 

across models) as well as by the market portfolio’s correlation with the SMB and HML factors (in 

case of the FF model). However, the prior assumptions about the correlation structure of the market 

portfolio with these two FF model factors as formed by the training sample are quite different from 

the data sample. In the training sample (using stock returns from 1927 – 1963), the correlation 

between the market portfolio with the SMB and HML factors equals 39% and 59%, respectively, 

while in the data sample (using returns from 1964 – 2001) these correlations equal 26% and –38%, 

respectively. 

However, when we change the prior such that the correlation structure in the training sample is 

identical to that in the data sample while keeping the prior mean of ρp for the FF model at 66%, the 

resulting histogram of the posterior mean of ρp (also plotted in figure 8B) is clearly to the right of the 

prior mean. Therefore, this feature of ρp for the FF model is indeed caused by this difference in 

correlations in the training versus the data samples. 

It is critical to note that this happens exclusively for the single inefficiency measure ρp in 

combination with the FF model. For the CAPM and all four inefficiency measures as well as for the 

FF model and the other three inefficiency measures (Av(|αN|), δ and ρMVE), simulating data under the 

model holding brings posteriors closer to efficiency relative to the relevant prior means (as evidence 

for example in figure 8A). This again emphasizes the importance of considering multiple inefficiency 

measures.  

Finally, the conclusion that the FF model does not perform well using the particular inefficiency 

measure ρp arguably remains valid for two reasons. First and as discussed before, ρp strongly depends 

on the correlation structure between the market portfolio and the included factors. In an unconditional 
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model without regime switches such a measure naturally performs badly when this correlation 

structure is highly unstable. In other words, our finding that the correlation between the market 

portfolio and the two FF factors is so different across time periods is in itself evidence against the FF 

model. Second, when the correlation structure between all factors in the prior is set equal to those in 

the data sample while keeping all other features the same, then for the FF model the data indeed 

generally increase ρp in the posterior relative to the prior, but still less so than for the CAPM. So it 

remains the case that relative to the CAPM, adding the FF factors does not seem to improve 

multifactor efficiency as measured by the inefficiency measure ρp. 

 

4.5 Comparison to Kandel, McCulloch and Stambaugh (1995) 

 

The evidence in favor of the CAPM reported in this paper is in sharp contrast to the results 

reported by KMS if they assume a risk-free asset exists. In that case and using the market portfolio as 

the only risk factor, they find that the data consistently decrease the prior mean of ρp (or ρMVE), which 

is the sole inefficiency measure KMS consider. Though we follow KMS in their approach of using 

training samples to specify priors and in their interpretation of posterior versus posterior distributions, 

there are some important differences in our methodology that explain this difference. 

We conjecture that some unnecessary and highly restrictive prior assumptions in KMS are 

primarily responsible for this contrast in results. The most important indication for this is the very 

large discrepancy KMS report in their paper for the case where they assume that the risk-free asset 

does and does not exists. If they do not assume the existence of a risk-free asset, their posterior results 

are similar to our results and generally favorable to the unconditional mean-variance efficiency of the 

market portfolio. In particular, these restrictions in their priors for the case where a risk-free asset 

exists are missing in their prior specification for the case where a risk-free asset does not exist. 

Moreover, our prior specification does not have any of these restrictions. Our prior design has the 

important additional advantage that it can be interpreted directly as arising from the posterior view 

from the inference on a training sample, which is not the case for the prior specification in KMS.  

The first important prior restriction in KMS for the case where they assume a risk-free asset 

exists is their choice of the prior of αN to be independent of ΣN (see our earlier discussion of 

MacKinlay (1995)). In particular, this requires much smaller prior variances of αN to reflect 

moderately high prior means of ρMVE relative to those required in our setting. For example, KMS need 

an annualized prior variance of αN equal to (0.069%)2 for a prior mean of ρMVE of 47%, while in our 

setup an annualized prior variance of αN of (on average) (2.6%)2 gives a prior mean of ρMVE equal to 

53.50% (with λα = 0.75). Ceteris paribus, the larger the prior variance is, the more the data can 
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dominate the posterior and the weaker the role of the prior in the posterior.20 This strongly indicates 

that the data have significantly more room to affect the posterior distribution of αN in our prior 

specification than in KMS. The link in the prior distribution between pricing errors and residual 

variance, though implicit, is not broken in their setting for the case where the risk-free asset does not 

exist. 

Second, several other assumptions in KMS’ prior settings are directly opposed to the findings in 

their or our posteriors. Even though KMS use a training sample to assist the prior elicitation, their 

choice of priors cannot be interpreted as arising directly from inference using the training sample, as 

is possible for our prior specification. For example, KMS assume that µp and Vp (the mean and 

variance of the return of the market portfolio) are a priori independent, while in the posteriors they 

will be clearly related (see (23) – (24) for our informative priors).  

Third and finally, KMS consider a much more limited set of returns and data sample period: 

their test portfolios consist of ten size-sorted portfolios and the data period is from 1963 to 1987 using 

a weekly frequency. 

 

5. Conclusion 

 

In this paper, we develop a general framework based on a Bayesian statistical approach to assess 

whether factors are priced in an ICAPM setting. Our methodology provides a flexible framework to 

deal with the severe small sample problems and is able to explicitly acknowledge that the asset 

pricing models are only expected to hold approximately. 

We generalize the methodology of Shanken (1987b) and KMS from mean-variance efficiency to 

the ICAPM notion of multifactor efficiency. We evaluate each model’s pricing ability using a new 

inefficiency metric that measures the maximum correlation between the market portfolio and any 

multifactor efficient portfolio in conjunction with three other well-known inefficiency measures. 

Comparing pricing performance using various inefficiency measures improve robustness. 

We compare how the data change informative prior views into posterior distributions over a 

wide range of prior views. If the data shift the value of an inefficiency measure closer to the value 

implied by exact efficiency this is evidence that the data support that aspect of the model. Also, if 

prior views on statistics are basically identical across models we perform a horse race among models 

by comparing the posterior results across models, where any difference can be attributed to the data. 

                                                 
20 In our setting, the posterior mean of αN in (37) can be interpreted as approximately a weighted average of the 
prior mean and the maximum likelihood estimate. Here, the weight on the maximum likelihood estimate is 
linear in (λα)2 or approximately linear in the mean of the unconditional prior variance of αN. 
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In our empirical application we investigate the viability of the FF factors and the momentum 

factor as priced state variables in the ICAPM. To address data snooping concerns, we try to maximize 

the robustness of our findings by considering four different inefficiency measures, two different sets 

of inefficiency measures and small sample effects. 

We find no robust evidence that the two additional factors in the FF model or the momentum 

factor are priced risk factors in an ICAPM framework. Specifically, our results show that none of the 

multifactor models considered robustly improve pricing performance relative to the CAPM. This 

finding goes beyond reporting pricing errors that are inconsistent with these multifactor models 

holding exactly. Even if models are only expected to hold approximately, we find that none of these 

additional factors robustly decrease pricing errors if they added to the CAPM. 

For example, the two FF factors do not move the market portfolio closer to multifactor efficiency 

as measured by our new inefficiency measure ρp and do not help decrease the Hansen-Jagannathan 

distance relative to the CAPM. Also, the pricing performance of the FF model is not robust to the 

choice of test portfolios. Specifically, the good performance of the FF model for the average absolute 

pricing errors if we use the BM/size-sorted test portfolios is contradicted by its poor performance for 

the industry-sorted test portfolios (see also Ferson and Harvey (1999)). If a factor is priced, it should 

obviously be able to reduce pricing errors for any portfolio. Furthermore, a general comparison of 

priors and posteriors for the two sets of test portfolios does not give any reason to question the lack of 

information in the data for the industry-sorted test portfolios. The data is generally as able to move 

the prior for the 30 industry-sorted test portfolios as for the 25 BM/size-sorted test portfolios.  

Furthermore, the main evidence in the literature in favor of the FF factors uses evidence based 

upon alphas. However, alphas are generally the least robust of the four inefficiency measures 

considered. As Roll and Ross (1994) and Kandel and Stambaugh (1995) show, if the market portfolio 

is not exactly efficient, then perturbations of the test portfolios could generate almost any pricing 

error as measured by the alphas αN. Therefore, the finding of low average absolute pricing errors for 

the test portfolios does not guarantee that other assets will have a similar small absolute pricing error, 

even if the reference assets plus the market portfolio span their returns. However, this robustness is 

offered by the other three inefficiency measures considered, all of which remain identical for any 

perturbation of the N test portfolios. However, the FF model performs considerably worse for these 

inefficiency statistics than for the inefficiency measure Av(|αN|), even for the BM/size-sorted test 

portfolios. This raises serious concerns about the role of the two additional factors in the FF model 

and their interpretation as risk-based factors (see also e.g. Daniel and Titman (1995), Daniel, Titman 

and Wei (2001), and Kothari, Shanken and Sloan (1995)). 
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Instead, the data give some evidence about the usefulness of the market portfolio for pricing. For 

the CAPM, the data robustly lower absolute average pricing errors and robustly increase the 

maximum correlation of the market portfolio with the tangency portfolio in the posterior relative to 

the prior. The strongest evidence against the CAPM is that the data slightly lower the Hansen-

Jagannathan distance for the BM/size-sorted test portfolios. However, the latter evidence is weak as 

the small sample problem is particularly severe for this inefficiency measure and the opposite result 

holds for the industry-sorted test portfolios. 

Finally, there are several possible extensions to our approach. Recent papers have been 

successful in using conditioning information to explicitly model time variation in the portfolio 

exposure to the risk factors and in including the return on human capital (see Jagannathan and Wang 

(1996), Ferson and Harvey (1999) and Lettau and Ludvigson (2001)). Also, our selection of state 

variables focuses only on the most popular current factors and is very limited. 

In addition, the new inefficiency metric that measures the maximum correlation between the 

market portfolio and any multifactor efficient portfolio can be used in two interesting applications: (i) 

optimal portfolio decisions (see e.g. Pástor and Stambaugh (2000) and Pástor (2000)) and (ii) 

performance evaluation of mutual fund managers (see e.g. Sharpe (1992), Brown and Goetzmann 

(1997), and Pástor and Stambaugh (2002a, 2002b)). In a CAPM world inefficient portfolios can be 

ranked by their Sharpe ratio. In this paper, we derive a similar result for a multifactor world. Using a 

generalized investment opportunity set in which the investor can invest in all priced mimicking 

portfolios, we show that all investors, regardless of their preferences, would achieve an identical 

ranking of all inefficient portfolios for which a modified version of the multifactor efficiency 

correlation measure can be used. 
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Appendix A: Computing the inefficiency measures 

 

Appendix A shows how to translate draws from the posterior of µN+1+K and VN+1+K into draws 

from the posterior of the four inefficiency measures Av(|αN|) in (8), δ in (13) as well as ρMVE in (14) 

and ρp in (18). First, for Av(|αN|) in regression (8), 
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where the (N+1)×(K+1) matrix of weights wp,K = [wp’ wk’]’, where wp = [01×N 1]’ such that Rp = RN+1 

⋅ wp and wk = VN+1
-1

 ⋅ VN+1,K is the matrix of weights that define the state variable mimicking 

portfolios (RK = RN+1 ⋅ wK, see (5)). Furthermore, the 1×(K+1) vector E(Rp,K) = µN+1 ⋅ wp,K,  IN is an 

N×N identity matrix and 0N×1 is an N×1 vector of zeros. 

Furthermore, equations (10) and (11) provide R* = RN+1 ⋅ w* and E(R*2) and thus p* in (9). 

Therefore, we can write the expected standard deviation σ* of the residuals ε* of the regression of p* 

using 

on a constant, R

 

ext, the inefficiency measure ρMVE can most easily be computed using (16) and (17). 

e use the 
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For the characterization of ρp in (18), σp
2 follows from µN+1+K and VN+1+K as follows 

 

investme

ortfolio Rj
* = RMVE + εj / βMVE,j in addition to the K mimicking portfolio and the risk-free asset. This 

is be lios Rj and Rj
* can completely be offset by appropriate 

investments in the risk-free asset and the K mimicking portfolios.21 As a result, Rj and Rj
* would have 

iden

r, 

rega

) has resulted in a draw of the state variables, FK
(i). 

onditional on FK
(i), this subsection provides the non-informative priors for µN+1+K and VN+1+K in (1) – 

                                                

 

Appendix B, proof of Proposition 2 

First, note that εj is independent of the K+1 ME spanning portfolios. Then the investor’s 

nt opportunity set remains identical if the investor would have access to portfolio Rj or to 

p

cause any difference between portfo

tical rankings: all investors, regardless of their preferences, would be indifferent between these 

two portfolios. Denote the correlation between Rj
* and RMVE by ρj

*, where (ρj
*)2 = V(RMVE)/V(Rj

*).  

Second, apply this procedure to all inefficient portfolios, resulting in portfolios Rj
*, j = K+1 ... J. 

These portfolios have identical loadings on the state variables (in our case: none) and identical 

expected return (in our case equal to E(RMVE), and their only difference is in the variance of the 

idiosyncratic part. So far any set of loadings on the state variables, combining with a portfolio with a 

lower ρj
* will result in a higher idiosyncratic variance. All other things being equal, any investo

rdless of his preferences, prefers the portfolio with the lowest idiosyncratic variance. Thus, all 

inefficient portfolios can be ranked according to their modified correlation ρj
*.  

Also, note that the weights on the J portfolios do not have to sum to one, the difference is 

assumed to be invested in the risk-free asset.  

 

Appendix C, noninformative priors for µN+1+K
  and VN+1+K 

 

If the model includes any of the economic state variables, whose mimicking portfolios have to be 

estimated, say that the posterior of bZ in (4
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21 For Rj
*,  any ME portfolio could be used instead of the MVE portfolio other than the K mimicking portfolios. 

All that is required is to normalize all Rj into some Rj
*, j = 1…J, where all portfolios Rj

* have identical loadings 
and do not change the investment opportunity set.  
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(3). The two FF model mimicking portfolios do not have to be estimated, and are included in RN. The 

basic

N+1+K N+1+K

where N( ⋅ ) denotes the normal distribution and IW( ⋅ ) the inverse Wishart distribution with T-1 

 

 

 

 

 non-informative prior of µN+1 and VN+1 equals 

 

Combined with the normal likelihood, the posterior distributions of µ  and V  are 
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Table 1 
Posterior results using non-informative priors for µN+1 and VN+1 
Reported are the posterior results for four asset pricing models: the CAPM, the FF model, the two factor model 
including the market portfolio plus UMD (CAPM + UMD), and the four factor model including the factors from 
the FF model plus UMD (FF model + UMD). We use non-informative priors for µN+1 and VN+1 and give results 
for both sets of reference assets: the BM/size-sorted portfolios (upper part of the table) and the industry-sorted 
portfolios (lower part of the table) using monthly observations. For the four inefficiency measures, Av(|αN|), δ, 
ρMVE and ρp, we report the posterior mean (‘Mean’) and standard deviation (‘St.Dev’) between parentheses. 
Finally, the posteriors of Av(|αN|) are NOT annualized. 
 

Statistic: Av(|αN|) δ ρMVE ρp 

  Mean St.dev Mean St.dev Mean St.dev Mean St.dev 
          
BM/size-sorted portfolios     
CAPM  0.306% (0.06%) 0.561 (0.15) 23.0% (5.2%) 23.0% (5.2%) 
FF model  0.114% (0.01%) 0.428 (0.07) 51.4% (7.3%) 55.5% (5.7%) 
CAPM + UMD  0.348% (0.06%) 0.460 (0.04) 48.3% (6.9%) 27.4% (8.3%) 
FF model + UMD  0.108% (0.01%) 0.432 (0.07) 67.7% (5.6%) 59.1% (5.9%) 
          
Industry-sorted portfolios     
CAPM  0.218% (0.05%) 0.540 (0.21) 25.0% (7.6%) 25.0% (7.6%) 
FF model  0.258% (0.03%) 0.391 (0.03) 47.1% (6.9%) 53.2% (5.3%) 
CAPM + UMD  0.209% (0.04%) 0.408 (0.04) 52.7% (7.2%) 30.2% (9.1%) 
FF model + UMD  0.234% (0.03%) 0.409 (0.03) 61.1% (5.5%) 55.4% (5.3%) 
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Table 2 A - B 
Informative priors and resulting posteriors: varying λK and t0 
Reported are the results for two asset pricing models: the CAPM and the FF model, using the BM/size-sorted 
portfolios. In panel A, we consider three different informative prior views as defined by their choices of λK, and 
in panel B, we consider three choices of t0. All other prior choices are fixed and as discussed in the text. We 
report the prior mean (‘Prior’) and the posterior mean (‘Post’) of the relevant inefficiency measure. We also 
report the prior and posterior standard deviations between parentheses, below the relevant prior or posterior 
mean. The four inefficiency measures considered are the average absolute alpha of the N test portfolios, 
Av(|αN|), the maximum pricing error or the Hansen-Jagannathan distance, δ, the maximum correlation of any 
combination of the market portfolios plus the factors with the tangency portfolio, ρMVE, and the maximum 
correlation of the market portfolio with any combination of the factors plus the tangency portfolio, ρp. 
 
Panel A: varying λK 

 CAPM FF model CAPM FF model 
λK  Prior Post Prior Post Prior Post Prior Post 

          
                                                  Av(|αN|) δ 

10  0.186% 0.158% 0.130% 0.081% 0.204 0.216 0.204 0.191 
  (0.06%) (0.04%) (0.03%) (0.02%) (0.03) (0.03) (0.03) (0.03) 

5  0.187% 0.153% 0.131% 0.082% 0.204 0.214 0.204 0.188 
  (0.06%) (0.04%) (0.03%) (0.02%) (0.03) (0.03) (0.03) (0.03) 

0.5  0.188% 0.117% 0.131% 0.096% 0.203 0.201 0.204 0.193 
  (0.07%) (0.03%) (0.03%) (0.02%) (0.03) (0.03) (0.03) (0.02) 
          
  ρMVE ρp 

10  44.3% 46.4% 55.0% 59.5% 44.3% 46.4% 67.8% 52.4% 
  (18.4%) (11.2%) (14.6%) (9.4%) (18.4%) (11.2%) (6.3%) (7.9%) 

5  44.7% 46.9% 54.8% 59.8% 44.7% 46.9% 67.8% 52.5% 
  (18.2%) (11.3%) (14.6%) (9.5%) (18.2%) (11.3%) (6.3%) (8.1%) 

0.5  44.1% 49.3% 54.7% 57.5% 44.1% 49.3% 67.7% 51.2% 
  (18.2%) (11.7%) (14.6%) (9.5%) (18.2%) (11.7%) (6.3%) (7.6%) 

 
Panel B: varying t0 

 CAPM FF model CAPM FF model 
t0  Prior Post Prior Post Prior Post Prior Post 

          
                                                  Av(|αN|) δ 

2·t  0.183% 0.163% 0.128% 0.088% 0.204 0.212 0.204 0.188 
  (0.06%) (0.05%) (0.03%) (0.02%) (0.03) (0.03) (0.03) (0.02) 

1·t  0.187% 0.151% 0.131% 0.094% 0.204 0.201 0.203 0.191 
  (0.06%) (0.04%) (0.03%) (0.02%) (0.03) (0.03) (0.03) (0.02) 
0.25·t  0.217% 0.148% 0.152% 0.070% 0.204 0.227 0.204 0.200 
  (0.08%) (0.04%) (0.04%) (0.01%) (0.03) (0.03) (0.03) (0.03) 
          
  ρMVE ρp 

2·t  45.0%  46.1% 52.2% 55.6% 45.0%  46.1% 67.1% 55.4% 
  (14.3%) (10.2%) (12.1%) (9.3%) (14.3%) (10.2%) (4.8%) (5.9%) 

1·t  44.0%  49.2% 54.8% 58.3% 44.0%  49.2% 67.8% 51.7% 
  (18.5%) (11.6%) (14.5%) (9.5%) (18.5%) (11.6%) (6.3%) (7.8%) 
0.25·t  46.2%  47.2% 66.5% 67.9% 46.2%  47.2% 71.5% 57.1% 
  (24.5%) (12.1%) (16.2%) (8.3%) (24.5%) (12.1%) (9.9%) (9.9%) 
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Table 3 A - D 
Informative priors and resulting posteriors: varying λα 
Reported are the results for two asset pricing models: the CAPM and the FF model for both the BM/size-sorted 
portfolios (left part of the table) and the industry-sorted portfolios (right part of the table). We consider four 
different informative prior views, as defined by their choices of λα. We report the prior mean (‘Prior’) and the 
posterior mean (‘Post’) of the relevant inefficiency measure. We also report the prior and posterior standard 
deviations between parentheses, below the relevant prior or posterior mean. See Table 2 for a description of the 
four inefficiency measures considered in the four panels in this table. 
 

 CAPM FF model CAPM FF model 
λα  Prior Post Prior Post Prior Post Prior Post 

          
                                 BM/size-sorted portfolios Industry-sorted portfolios 
        
Panel A: Av(|αN|)        

2  0.373% 0.238% 0.262% 0.115% 0.316% 0.167% 0.298% 0.214% 
  (0.13%) (0.06%) (0.06%) (0.02%) (0.06%) (0.03%) (0.05%) (0.03%) 

1  0.187% 0.158% 0.131% 0.081% 0.158% 0.120% 0.149% 0.143% 
  (0.06%) (0.04%) (0.03%) (0.02%) (0.03%) (0.02%) (0.03%) (0.02%) 

0.5  0.094% 0.078% 0.065% 0.045% 0.079% 0.067% 0.074% 0.072% 
  (0.03%) (0.02%) (0.02%) (0.01%) (0.01%) (0.01%) (0.01%) (0.01%) 

0.25  0.047% 0.036% 0.033% 0.023% 0.039% 0.034% 0.037% 0.034% 
  (0.02%) (0.01%) (0.01%) (0.00%) (0.01%) (0.01%) (0.01%) (0.01%) 
  
Panel B: δ  

2  0.408 0.315 0.412 0.272 0.448 0.283 0.446 0.318 
  (0.06) (0.03) (0.09) (0.04) (0.06) (0.03) (0.06) (0.03) 

1  0.204 0.215 0.204 0.191 0.224 0.201 0.222 0.221 
  (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.03) (0.02) 

0.5  0.102 0.111 0.102 0.103 0.112 0.111 0.111 0.117 
  (0.01) (0.01) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) 

0.25  0.051 0.053 0.050 0.051 0.056 0.056 0.056 0.057 
  (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) 
          
Panel C: ρMVE  

2  25.1%  34.1% 32.3% 45.5% 23.1%  37.2% 29.8% 39.8% 
  (12.1%) (9.1%) (10.8%) (8.7%) (11.2%) (9.9%) (10.0%) (7.8%) 

1  44.1%  46.7% 54.7% 59.6% 41.0%  48.8% 51.5% 53.7% 
  (18.3%) (11.4%) (14.6%) (9.4%) (17.5%) (11.6%) (14.1%) (9.1%) 

0.5  65.8%  70.3% 77.2% 80.5% 63.1%  70.2% 74.6% 77.0% 
  (21.2%) (11.7%) (13.0%) (7.5%) (21.3%) (11.8%) (13.4%) (8.0%) 

0.25  82.8%  89.0% 91.5% 93.9% 81.4%  87.9% 90.2% 92.6% 
  (19.1%) (7.8%) (8.0%) (3.4%) (19.2%) (8.1%) (8.5%) (3.8%) 
          
Panel D: ρp  

2  25.1%  34.1% 63.5%  46.1% 23.1%  37.2% 63.2%  44.1% 
  (12.1%) (9.1%) (3.9%) (5.4%) (11.2%) (9.9%) (3.7%) (4.5%) 

1  44.1%  46.7% 67.7%  52.3% 41.0%  48.8% 67.0%  49.5% 
  (18.3%) (11.4%) (6.3%) (7.9%) (17.5%) (11.6%) (5.8%) (6.9%) 

0.5  65.8%  70.3% 75.4%  67.0% 63.1%  70.2% 74.3%  63.9% 
  (21.2%) (11.7%) (9.8%) (11.7%) (21.3%) (11.8%) (9.3%) (11.0%) 

0.25  82.8%  89.0% 84.4%  84.0% 81.4%  87.9% 83.2%  81.8% 
  (19.1%) (7.8%) (11.4%) (11.2%) (19.2%) (8.1%) (11.3%) (11.6%) 
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Figure 1 A – B 
Improper priors: the posteriors of ρ and Av(|αN|) for the CAPM, with histograms of their means 
Using improper priors, the figures plot the resulting posteriors of ρp (=ρMVE) (Panel A) and Av(|αN|) (Panel B), 
in conjunction with two histograms of the respective posterior means from 1,000 simulations, using the CAPM. 
In the first simulation the data is simulated such that the CAPM holds exactly, using the µN+1+K and VN+1+K 
maximum likelihood estimates of the actual data constrained such that all CAPM pricing errors are exactly zero. 
In the second simulation the unconstrained maximum likelihood estimates of the actual data are used. Both 
simulations assume normally distributed returns and use the 25 Fama-French book-to-market/size-sorted test 
portfolios.  
 

Figure 1A: CAPM and improper priors: posteriors of ρ
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Figure 1B: CAPM and improper priors: Av(|α|)
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Figure 2 
Prior and posterior distributions of the Hansen-Jagannathan distance, δ, for the FF model 
The figures plot the prior and posterior distributions of δ for the FF model, the BM/size-sorted test portfolios, 
and three different choices for the prior hyperparameter λα = 1, 0.5 and 0.25.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2: δ for FF model, BM/size-sorted test portfolios
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Figure 3 A – B 
Prior and posterior distributions of the average absolute pricing errors, Av(|αN|) 
The figures plot the prior and posterior distributions of Av(|αN|) for the CAPM, the FF model and the two-factor 
model (‘CAPM + UMD,’ including the market portfolio plus the momentum factor UMD). We use the 
BM/size-sorted test portfolios in figure 3A and the industry-sorted test portfolios in figure 3B. The prior 
hyperparameter λα = 1.75 for the FF model and the BM/size-sorted test portfolios and λα = 1.25 for all others. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3A: Av(|α|), BM/size-sorted test portfolios
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Figure 3B: Av(|α|), industry-sorted test portfolios
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Figure 4 A – B 
Prior and posterior distributions of δ, comparing three asset pricing models 
The figures plot the prior and posterior distributions of δ for the CAPM, the FF model and the four-factor model 
(‘FF model + UMD,’ including the market portfolio, the two FF factors plus the momentum factor UMD). We 
use the BM/size-sorted test portfolios in figure 4A and the industry-sorted test portfolios in figure 4B, and the 
prior hyperparameter λα = 2 for all cases. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4A: δ for BM/size-sorted test portfolios
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Figure 4B: δ for industry-sorted test portfolios
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Figure 5 A – B 
Prior and posterior distributions of the maximum correlation measure ρMVE 
The figures plot the prior and posterior distributions of ρMVE for the CAPM, the FF model and the two-factor 
model (‘CAPM + UMD,’ including the market portfolio plus the momentum factor UMD). We use the 
BM/size-sorted test portfolios in figure 5A, with λα = 0.75, 1 and 1.5 for the CAPM, FF model and the two-
factor model, respectively. We use the industry-sorted test portfolios in figure 5B, with λα = 1, 1.25 and 2 for 
the CAPM, FF model and the two-factor model, respectively. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5A: ρ(MVE) for BM/size-sorted test portfolios
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Figure 5B: ρ(MVE) for industry-sorted test portfolios
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Figure 6 A – B 
Prior and posterior distributions of ρp, comparing three asset pricing models 
The figures plot the prior and posterior distributions of ρp for the CAPM, the FF model and the two-factor 
model (‘CAPM + UMD,’ including the market portfolio plus the momentum factor UMD). We use the 
BM/size-sorted test portfolios in figure 6A and the industry-sorted test portfolios in figure 6B, with λα = 0.5, 1.5 
and 1.75 for the CAPM, the FF model and the two-factor model, respectively. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6A: ρ(p) for BM/size-sorted test portfolios
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Figure 6B: ρ(p) for industry-sorted test portfolios
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Figure 7 A – B 
Prior and posterior distributions of Av(|αN|) and ρ for very small λα 
In panel A, we plot the prior and posterior distributions of Av(|αN|) for the CAPM and the FF model using λα = 
0.1 and 0.2, respectively. In panel B, we plot the prior and posterior distributions of ρp for the CAPM and the FF 
model using λα = 0.1 and 0.2, respectively, as well as ρMVE for the FF model using λα = 0.1. Throughout, the 
BM/size-sorted test portfolios are used. 
 
 
 

Figure 7A: Av(|α|) for very small λ(α) 
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Figure 7B: ρ for very small λ(α )
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Figure 8 A – B 
Informative priors: histograms of the posterior means of Av(|αN|) and ρ from simulations 
Using informative priors, λα = 1.5 and the BM/size-sorted portfolios throughout, both panels plot histograms of 
posterior means of the inefficiency measure from 1,000 simulations with and without the model holding (see 
Figure 1 for details). In panel A, we plot the histograms of the posterior means of Av(αN|) for the CAPM and the 
FF model. In panel B, we plot the histograms of the posterior means of both ρp and ρMVE for the FF model. 
Further, for the prior of ρp for the FF model we use two different assumptions about the correlation structure of 
the factors (see the text for details). 
 

Figure 8A: Histograms of the mean of Av(|α|)
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Figure 8B: Histograms of rho(p), FF-model
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